
 
Mar 4,202 lecture 15

Let X be a smooth complete curve over an algebraically
dried field k Let X be the symmetric n fold product

of X with itself ie X X Isn Thequotient wears

the following Let U Speed be an affine open sulscherne

of X then UYSw Spu A Isn There UYsw glue
as we vary U over affine open sulscheurs g X to give
XYsu There is a natural map I s XM

We saw that XxXl has univeraleffectivedivisor

of degree Du
Du Cs Xxx

finite and Pz
flat with
fibreswhich Xin
are anten local
ringsof length n

Conclusion X is the spareof effetindivisorsofdegree in
our X This is the so called Hilbert silver of effultre
divisors of degree u on X

Remark True even if k is not algebraically closed

Last time we showed that the loans U on X g gumsCx
on which Rtp Du vanishes is non empty and open2



Indeed we know F an effective divisor D of degree g s t
H1 X GCD D

Fat Rhp Du
ga
kCt H X kit 0101

This is just right exartners g prudent since H2 s are zero
on a curve

Example hit g l Let us drop the assumption that k E
However let us assume X has a k rational point Do We

will often regard Do as an effective divisor of degree 1
If L is a line bundle of degree1 By Ine duality
h L h w L briee degWx 2g 2 0

therefore degCw L l and heme hoax L 7 0
In particular by R R

ho L deg L ti g It 1 I L
This means any two non zerosulions S T of L
dither by scalarmultiplefrom k s d r debt
It follows that thezero loci of S T coincide Herne there
is only effuline divisor D representing L Monona suire

digD degL I I can be regarded as knatured point
grien D

on X This shoosthat a an effuntne divisor on X g degree1or

if D is another effutne divisor linearly equivalent to D
then D D

None X X The universal dinner is the

diagonal D in Xxx We can prove the animal



property for A directly in this cane Here is how we

do it
PD 5 Xxx s Xk

Vz
v

T J X S Speck

Noro suppose we have a k scheme T and a family
of degree 1 divisors D on T This means D is

a cloud subscheme of XT XXI and 0 ST
is finite flat with films while one single points

D C X xx1
None by semi contumely

the
pz OCD is a line bundle

7 This is because H Xt Olde
is one dimensional for every t and Hd Xe O e O

In greater detail since the questions on T assume

7 SpecA and that we have a complex off g preymodules
p O PO s pl s O

smh that HiCP AM Hi Hi D Ai

By right exartness of product we get
H P AM when Po AM P AM

when Poo Pif AM
Thus Ht XT O D M 9 that OLD M

In partrala taking M kits te T



we get Htcxt O aka D V TET

By Nakayama H Xt D 0

Thus we have an boart sequence
Ho p spo SP 0

This fences HoCP to be a projutre module and
also that for any A noduleM

Ho Pe AM SPOAM P am O is exart

This means

Ho F AM HO P M

l t

Hock OCD aM HOCKOCD aM
Taking M kit te T we get

Hocxt OCD kit Ho Xe De
The right side is a kit vertur spareof dimension 1
since guns Xt L Xe has KCES rationedpit
Octa is a line bdle of degree1

Have the projatne A module Hock OCD has
rank 1

Let Me pz 0 D Thefamilyof l b'sthis
hit L OCD PEM l L represents is the same

as thefamilygivenbyThen by the projection formula 610

fz L pz D U I e 6T
Herne we have a nowhere varshing Salton 8 of pz L
So O SE HOLT p L



However

Hot pz L Hocks L
fo s is also a sultan of L To avoid confusion we
unite r E HOCH L when we think of s as an

element of Ho Cha L
The above computations while useful are not

what we need

we know D ST is an isomorphism
But D C Xx T So we have the compute

T s D e s Xxt P S X

So we have a map r It is easy to see

that 4xr5 s D
Now suppose we have a line L on XT whereT

is a k scheme of degree 1 ie Lt L1 is of
X degree 1HE

Deplane QQ by L
L in the above

computations and

t T we see that
the following is

true



R pz L O

pz L is a line bundle

R L qF pa CL p F
ht g c sheaves tf ou T

By modifying L if necessary by using Me as we

did earlier we may assume

Pz L Ns OT
So we have a northern vanishing sultow
SE HoCT pz L HOCH L and let us

write s as 0 when we regards as a tutors

of K
hit e ET The font that sits to is interpreted

as The is non zero ie r cannot vanish on the

entire Xe Write it for sets when we see this
as a Sutton f Lt L y Snin Lt has degree1

of vanishes at exent one point DEE Xe
Let D be the divisor gnien by r Note

L OCD What said in the last paragraph anoints
to showing D s T is flat by the local
criterion for flatness drive the fibre is a single point

D n z T is an isomorphrin Cchuk
rHere we get a nap T SX as the

composite
T s g

2ndmfrhon X



Eary to see again that D txt s heme

L txt OCD
None suppose L is a family J degree 0

line bundles on X paranntused by T
L XT X Fix a k rational pointDo on X

L L as we did earlier
T speak consider L L p Do

Then L is a family of degree 1 line bundles on X
Hime we get a map T T SX smh that
1 8 Q D pf 01 35 I L pz M for some

line bundle M
This essentially proves that X is its own Jandreau
It represents Pic0

Henn Piexp T Pic Xt
Pic T
g Picxth

Picker is the shfurtir fer digO line bridlesin


