











































































































March2,2021 Lecture14

Last time we showed that if X is a smooth complete crime

over a field k say k E then givena line bundle L onX
with Hoa 0 then F a cloud point PEX smh that

dripHoCL OC P drink HOG l

Take L Wx If the genius g g X 1 then
Ho L to In fait h L ht Wx g 1 Therefore

by applying the result in the first paragraph iteratively
we see that we can find P Pg C X k notnecessarily
distinct such that if D Rt Rt Pg then
Ho Wx OCD 0 By Some duality this means

H1 X OCD 0

The spareof efferture division ofX
Fw n 1 let

Xu Xx x X
n

and let
xin Wsw

Sf U Spud is an affine opensubschemeof X
then U Ux XU in the sputum of A n A

n n
set

U Spu Axon Su

where the atom of Sin on A is the natural one














































































































namely if r C Su TCR an Nrc Kren
It is not hard to shove that the Uk patch as

U varies over affine opensubsehars ofX The resulting
ghed scheme is X

Note we have U U is swijutue sirree
A Sn Cs A These maps path to give a

sugatne map
X s X H

Tt is not hard from basin commutative algebra that
U is a finite type integral scheme over k The

sujatha map I then shousthat X is proper over k
brine 1 is finite the generic fibre cardinality is n

X is projertne

Finally using symmetric polynomials one can

show U is regular ie smooth over k and hence
X is smooth am k

Example Suppose U IA SpuKETT Then U SpuRET Tu

Chah that KET Tu Sw is KEM ru where
the re are the elementary symantur polynomials It

follows that KEI Tu is smooth over k Mme
open

generally one can find a corner U of X smh that

U EU U is affrin there is an e'talemap
U IA The problem can be transferredto H where wehave

already solved it














































































































The net result is that we X is a smooth

prejerture variety over k we have finite snigate map
Xh I s Xm

A cloud point D of X is the image of a
cloud point P Pn C X The cloud point D of X
is identified with the divisor Rt Pu on X

X is identified with the spareof effultu
division on of degree n
Remarks

1 Suppose we have map f k schemes

fi Xu s 2

smh that f for to C Su Mine merrily
if T 3 s Xm ie 3C hyuk h CT x xhCT
then for every Esu we have r C h u T

Suiee Su outs on h CT x xh LT This is

funtinal in T where we have an artion of Su
on X by Yoneda Therefore it makes Suns
to talk about for Therequirement is that

f for Then F J X Z s t

TF DC

xn
t

T s Z

Xin f














































































































2 There is eminent ndinsir on Xx Xh Jn greatereffulin
detail there exists an.ndivision D on Xxx
smh that D k

w s X via projection to the 2nd

failor is finite flat and put p is beally
free of rank in and if O E Xm then

Dul goy is an effective division of degree n on X

Mmrones if T E Stehr and D an effuire
Cartner denser on Xxat smh that D is flat
over T and the films over T one degree in

effutne denims on X then F map r T s X

smh that Clair Du D

Du Xxxi Xxt c D

flat
brink finiteflatvJ ofdegree ux so Y L

n

r

In particular if D Rt Pn is a degree in effulut
divisor on X then taking 7 Spud D D Bythe
universal property F r Spak S XD smh that Hr Da D

what is Du In naive terms Du courists of
points n D E Xxx'D smh that RED This can






















be made sense of in terms of funter of points The
universal property is not so easy

Theorem hit pz XxXbf SX'D be the canonical

projection and let LE C Du Then the open
substreme U of X on which Rt pz Lu vanishes

is non empty
Remarks The hems on while Rtpz Lu vaisher

is open became of the semi continuity theorem Since

H2 Xx903 Lu qoy D t OE XM by semi untruly
a 122ps Lu O and b H XxE0 Lal egg
R2pz Lu KIO

0µm
Prof we have seen that F an effete drum D of
deg g s t H1 X 61033 0 and here DEU

Added after the tube
Recall himG hi 7 x xh CT

m

Define DET C hint CT by
D CT no m m C h n CT no ni fert.gg

In other wads if Io Ti stu are the propitious

from Xu s X and Zi is the cloud subrhune

ofXu gmin by 2 E3 C X To 5 Tics i l u



then D is represented by Zi a Note that locally on U SpuCA n

the ideal sheafof Zi wi U is generated by
S I I I s l I

tithspot

and that as Unaries over an affair open eone f X
the sets U una D D is stable under the arton f Sn

Du is the mirage D under the map
XxXu 2 XxbXkK 2xT


