
 

Feb18,2021 Lecture 13

Suppose le is category and an objet in ee A compositionlane

on X is a functional map
8 hx h hx

Functionality means the following Fm Eal Te ee we have

rt h CT x h T s h CT
smh that if T s T is a morphism mi le TFDC

h tt x ly T TT s hCT

t u
hCT x h CT s hCT

Ty

where the downward arrows are inducedby T T

If the composition lane on X is smh that h lT is

group for every TEE then X is said to be a group
objet in le More precisely CX r is group objet in ee in
this care Note that this is equivalent to saying
hx is a funtor taking values in Groups

If he has products and a final objet S then

for Hr to be a group object in 6 is equivalent to

having a map
rn Xxx X

smh that
PTO



1 Associativity The diagram
Xxxxx cm Xxx

Kim m
u

Xxx Xm

commutes

2 Existence of a left identity There exists a suture S X

of the unique map p X SS smh that TFDC

x P Ix g Ex s Xxx

Ax m

I
d Existence of a left inverre There exists a morphism
i X X smh that the diagramCi thx Xxx

p m
v v
S s X

comments

If S is a scheme and he Belys then a group

objet ein le is called called a group scheme ours

If k is an algebraically cloudfield ttren an

abelian variety is a group scheme over Spuk which is



a variety Cie it is integral complete and offinitetype

Theorem Let k be a field and X a groupscheme over K

which is of finite type and complete Then following
are equivalent

Ca X is smoothand irreducible
b X is smooth and integral
c X is irreducible and geometrically reduced

fee's E I hamTm
algebraically clued field extu L ofK

f Xxkik is abelianvariety over b where E is the

alg closure of k
Proof

a b If X is smooth it is reduced and being an

integral scheme is the same as being reduced irreducible

b cc If L is an extensionof k then Xi X pL is
smooth over L and hence reduced So X is geometrically
reduced
Cc Cd Obvious

Srinu X geometrically reduced XL is grownhically

p reduced Wehave to show Xi is irreducible
closure of K Let G Gal Elk and XL X rL

jiff G arts on Xc The point EE X k is k rational

and hence it has only element in the conjugacy



it represents in XL namely the identity EL E X L
Since Xc is smooth over L its ineducable components
are disjoint say Xu XoW X U Xr
where Xo is the converted component containing Ec
Earl Xi is a smooth variety

Since G arts continuously on XL it penults
the converted components However ACEC Ec ltinfire
Xo is stable under G It follows easily that Kolg
ie the image of Ko in X under the bare charge map

X is disjoint from E Xi IG when the

quotient is defined to be the linage Sime x is

counted it follows that Xu Xo Thus Xc is
a variety In particular Xc is irreducible and Lene
X is geometrically irreducible
e Cfl is clear

G ca ball known

Definition wt k be a field and X a finite type complete

group scheme over k X is called an abelianvariety onerk

if it satisfies any of the equivalent conditions in the

theorem

Line bundles on a hue htt X be a smoothcomplete
Creme over an alg cloud field k Let 2 be a line



bundle on X smh that HoCL 1 0 het0 sEH
Let D be the effective divisor given by the hems on

hit be
whih and paa point on X
Consider the exart sequence

o s Ol p s Q kelp O
11

Mp Iky scrapersheaf at p

Tensor this with L Cut
0 2 Lfp s L 3 Ktp 0

None

XCLCpi X Kp X L

So XCLCpi I X L

Hence

hoCLC pi bi LC pi I bill h'll
he

h L ko Lfp I hill bi LCp
h Cw LD li wx L Ocp

W wx E

Irina Lfp is a subsheaf of L
m LOLL bi LC p 70

Sriree Wx L is a subsheaf of wx L Ocp
therefore

n h w E p h w t 30
Herne



Mtn l

So either in L and n O or n l and neo

None pick SE HOK with Sto and PEX
smh that SCR 0 Then it is clear that

SE Ho L but set Ho Ltp It follows
me h 0cL h Lfp O Herne m l and n O

In conclusion
Theorem Let k be an alg chrud field X a smooth

complete variety over k L a line bundle onX with

HOLL 40 then there exists a point PEX smh that
h LL p bi L l

Cement remnhs know h Cw g TO So we can

iteratively find points R Pa Pg smh that

if D Rt Pg then h Wx QCDD 0

It follows that h OCD O
D

conclusion 7 an effective divisorof degreeg
smh that h Coco 0

Example Suppore k s L is purelyinseparable finite
extension with LIK Then Spal is a K variety and
it is regular since L is a regular local ring None

Counider the bare chomp diagram



SpecCL L S Speech

spice s Lucic

None L is purely insip over K and heure
L bL is of the form LED Tpl which is
not reduced and heme not a regular local ring


