
 

Feb16 2021 Lecture 12

hit le be a category For XE to write h for
the functor HongC X The furntor hx is called
the functor of points
Theorem Yoneda Let F G s sets be a

contravariant funtor Then for each XE le there is

a ligature map
Hom n h x F n s F X

e
where

I The category of sets valued contravariant

funhts on ee The objets of E are

contravariant futors G G s sets

and morphisms are natural transformations
G O s G ie W earl TE le we

have a map GCT
0 G T s t

whenever S S T is a morphism in ee

TFDC
OCT

G TGCT

u v
G S S G Cs

Ocs
where the vertical arrows are induced

by the morphine S T

Moreover this ligature map is frutinal in X



i e Homen h F s F is an

equivalence of functors
Proof

Suppore BE FC X Let T f s X be a map
Then we have a map F X F't's FCT hit
0 T f Fcf 3 This gives us a map

h CT FCT
f I 3 Fcf B

One chuhs easily that this is a functional

map Cas T varies So we get a map of burbots
03 he s F

Comunly given a frutinal map
0 h SF

set 3 equal to the image of Ix E hxlH Hang X

under OCD Then BE f X0
One chubs easily that 31 703 and

0 I s 30 are inverse operations This gives
the main part of the ltcovern The rest is easy

We have a funtor
h i Ee s Z

where E has been defined earlier the category of
contravariant sets valued furntors on le namely

Xl hx



This map is an embedding of the category le into ed

Indeed if ht shy is a map in Ie then

applying this to T we get htt shxCT and
the linage of IT C ht CT in h CT Hong IX give
us a map 7 X In particular if h hT
then one sees that X T

Definition F e een is said to be representable if it is
in the essential einage of h L Cs E

naive tunes F is representable if F thx
for some X

Suppose F is representable say hx Is F fer
some X and O with XE ee Let 3 the wing of A
under OCD Note 5 C Fox The pair CX3 is said to
represent F Loosely X represents F

A lawof composition on XEE is a funtorialmap
8 h xh hx

This means it is a collation of maps
rt h thxh t shxCT

one for earh TE ee Furntonality means that foreachmorphism
T s T ein le TFDC thedownward arrows arisingfrom 1 T

hx T x h T TT s T

1
thxTY x h CT q

thxT1



If the law of composition onX is smh that h CT is

a group under rt for every T then X is called a

group objet in le Equivalently X is a groupobject in Ee

uf Lx is a group funter ie h takes values in

the category of groups
None assume he has products and a fruit

objet S This means if X Y E le then XxY is

meaningful and for X E ee there exists a unique
nap X S S The notion of a product is as follow
If X Y E ee then then exists an object
XxY in ee together with maps Xx4 Is x
Xxy As Y smh that if TEE and we have
two maps t.it s X G T Y then Fl map
it g T Xx y smh that po f g f
golf g g Technically the product is CxxY p g
It is enrique up to enrique isomorphism if it exists
In this cane it is not hard to see that h y is

canonically isomorphic to h x hy
None suppve le is as abone and X is a group

oligert on le Then r h xh shx tranbertis to amap
me xxx X

Moreover if for earh T E le py T s S is the unique
map to the final objet S then we have maps



ECT LgCT pt text
gnien by PT 1 s et when et is the identity on 1

hi CT
One sees them that the following
holds
Associativity TF DC

Xxxxx 2 m
Xxx

Y
u
Xxx s xm

counters

2 The enistince of a left identity The following
diagram commutes

P 2x Sx x Est g xxx

mIx
I

3 The evidenceof a leftwinerse There exists i X X

smh that TF DC
Ci 1 s Xxx

M
u v
s s X

E



One clubs that lift identities are right identities
and left winners are right crimes

Let s be a scheme and let ee Idris
the category of S schemes A group scheme Is
is a group object in Behls


