
 
FetIl 2021 Lecture 11

Theorem Lit A be an abelian variety over an alg cloud

field k and L a homogenous line bundle Cie tn L L

K R E Alk on A If L is non trivial then Hi At 0

for all ie
Proof

We already know that HOCAD O

hit as usual m AXA A be the groupoperation

map addition Let s A s AxA be themap
al s ca O Then we a CD

A AxA M
s A

1A

Suppose k 0 is an integer such that HdCAL 0 for all
i e k Recall since LE fCA therefore

m't L pitL pz L

By Kunneth and the above
Hk Axa with

i p
HiCA L Ht A L

If i y k then either i ar j is strictly less than k
we are only worrying about i j k non negative It follows



from one choice of k that Hk Axa Mtl D Now

look at the diagram we had namely
A AxA M

s A

1A

This means that the identitymap on HkCA L

faiths as HkCAL Hs Hk AXA mtl s HdCA L
It follows that the identitymap on HkCA L is zero ie
HkCA 4 0 11

Curves

Lrt C be a smooth complete awe over k as usual

k Te hit we be the canonical bundle on C Then
we hone the following

HiCC 71 0 fer i 2 if anysheaf
HiCC L HH CCwe ti

t
fer i 0,1 and

L a line bundle Serre duality
For any line bundle L

h L h L deg L ti g Rieman Rork
Hae hi F drink Hice t F E Cc

Note that if HoCSL to then dig4 70 This

is so for the following rearou Let 0 SE HO L



Then D ZCs the zero hems of s is an effective dinner

smh that L GCD Now dig1370 sirree D is effuline
Sime degli_degD it follows that dog LTO

Since
Wu h Cwc L Serre duality

therefore

dig thee lil co b L _O

ie digthe deg u co b L _o

ie deg L 2g 2 till O I

Next suppore deg L Zg l Now

h CL h CC degli Ci g
2g I t l g

g
Sho bill 0 from Hime

how g 70

Hence hold 1 0 So L OCD for some effective
divisor D hit P be a point on C Conridu the
exact sequence
0 S OCD P CD 7 help 0

obtained by ing the heart seq
o OC P1 sq s k p 0

by OCD Snice deg D P degD l 7 2g 2 for

degD 2g l Herne hC D P D So the boat



sequence 0 OCD P G D kept O gives us

an exart seq
G HoCC GCD P HoCC L k

since like D P D
In particular the map

toCC c k p s L Ktp b p
is Sujata In other words L is generated by
global suttons for by Nakayama thus means that
the natural map HoCC L aOc S L is snjerhie
Have

dyl 2g I L is generatedby globalsutures

None suppore digL 2g Let P Q be two points on C

Suppose P Q Consider the heart sequence
0 7 LCP Q1 S L S KID KCQ O

H H
G D P Q L KID L kCQ
where f OCD

As before lil LC P Q 0 and heme arguing are

above the map
HoCC c

aOc s L k p L HQ
is surjective This means 1131 separatespoints ie one

can find a sation of L which is zero on P and now

zero on Q
Now let P Q and let Mp C 6C be the maximal



ideal sheaf P We have an errant seq
O LC2P s L s Gym L SO

11 it

OCD 2P OCD y
Octmen

we know surie deg LC IP 2g 2 that h LC2177 0

where we
thffe hit tTocc.ae

mg 0c.pmpz.G
k

k MP
Mp2

Hume given a non grew element of Mpfmp2 say
the mirage of it where it CMp is a uniformiting
parameter for Gc p we can find a sultan
SE HoCC L whore image in K is zero and whve

image in Mplmp 0 ie SCP O S F 1 0 where
it is any non zero tangent nutor at P

This means the map C s PCV f TCC

is an embedding

If deg L 2g the map C Pcu V TCCLH

is an embedding

Remark This shows that every smooth complete awe is

projective and every effutne divisor is ample In pent

every divisor of positive degree is ample In other words



every line bundle of ve degree is ample


