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Recall we showed that if L a line bundle on A with Holl 10

then L is ample if and only if KCL is finite
A slightlysimpleproof for the only if part

We know that LI Kuo is trivial On the other hand since
L is ample on A LI Kayo is ample on KCC0 Theonly
way this can happen is if Kelso is a point µ

We stated but did not prove the following theorem

Theorem Let Xand Y be completevarieties 2 a converted
scheme

reduced and L a line bundle on Xxyx such that its
restrictions to no xp Xx yo xz and XxpYx Go
are all trivial for some no C X yoCY ZOE2 Then L is

trivial
Remarks By a scheme we mean a finite type scheme over k
A point is always a cloud point whence a k rational point
Proof

Suppore first that X is a non singular f smooth curve

Let JCx f PicoCX be its Jacobianvariety Jan has
card is defined by the following universal property

P.TO

we will construct Jarobiansof curves later in the course



There exists a line bundle Lu on XxyJCA smh that

whenever Tis a scheme and we have a family L of line
bundles on X parameterised by T ie L is a line bundleon

XT XxpT then there exists a unique map of schemes
T T TCA

such that Cxr t Lu E L path for some line
bundle µ on T

E

we regard L the line bundle of the statementof the
theorem as a family of line bundles on X parameterised

by 4 2 From the remarks about the Jarobian this
means we have a map

4 2 S JCA
smh the pull bank of Lu to XxYx2 is essentially L

We know is trivial This meansthat Lt XxYx 303

is trivial for every yetthat L Ix x yyx zig
Herne y Zo O t y EY where OG J A represents



the trivial line bundle on X stfu Speak JCA

Therefore mine 7 is complete we get a map from
OT Z S JCA smh that Too pz where

pz is the progutron 7 2 2

4 2

Pz D S

Z S J A
To

None Llgyoy z is trivial which means that

yo Z D A 2 E Z
ie OT z O t 2 E 2

So the map 4 2 s JCA is the constant

map zero This means is trivialthat llxxeyyxh.is
t ly Z E 4 2 Hence

LF p µ

for some line bundle µ on 4 2 However

M p M
qg y z Llfm3 y z 9 2

byhypothesis
Hume µ is trial and therefore is trivial

This proves the theorem when X is a smooth curve

Let us none more to the general care Let REX
It is a well known fent since is a complete variety
that there is an irreducible crime C in X which
converts me with no Indeed if X is projecting using



hyperplane sutures Bertoni and induction on dim X we are

done If X is not projutue one uses Chow'sLemma

which says there is a projetue variety IT and a

binational proper map 5 T s X of K varieties
To resume we have C X a cone smh that

no ne C Let E f S C be the normalisation of C
From from what we have proved fx1yx1z L is

trivial or Ex 4 2 This shows that L qny y z is
trivial In particular L qz y qz

is trivial for all
In g E Xx2 Since Y is a complete variety cand regarding
L as familyof line bundles on Y parametensedby Xx2
we see that

Lt piz M
for some line bundle µ on XxZ pics Xx7 2 Xx2

obvious projection None

M E REMI gig z
t I xx yo z p

9 2

2 by hypothesis
Herne L is trivial

I S YYo

x

K



Fats about smooth complete armies hit L be al b on a smooth

complete Arne X

l If deg L 2g 2 then H'CX 4 0 Reason Use

Some duality and note b L h Cwx L and

dig Wx t 2g 2 degL and if degL 2g 2
this is negative where Holt wx L 7 0

2 If deg L 2g 1 then L is generated by global
sutures In classical terms if D is a divisor

with degD Zg l then IDL is bare point free
This uses 1

3 If degL 2g then L is veryample


