
LECTURE 6

Date of Lecture: February 3, 2020

The symbol � is for flagging a cautionary comment or a tricky argument. It
occurs in the margins and is Knuth’s version of Bourbaki’s “dangerous bend sym-
bol”.

An n-tuple (x1, . . . , xn) of symbols (xi not necessarily real or complex numbers)
will also be written as a column vector when convenient. Thus

(x1, . . . , xn) =

x1...
xn

 .
A map f from a set S to a product set T1 × · · · × Tn will often be written as

an n-tuple f = (f1, . . . , fn), with fi a map from S to Ti, and hence, by the above
convention, as a column vector

f =

f1...
fn

 .
(See Remark 2.2.2 of Lecture 5.)

The default norm on Euclidean spaces of the form Rn is the Euclidean norm
‖ ‖2 and we will simply denote it as ‖ ‖.

Note that (x1, . . . , xn) 6= [x1 . . . xn]. Each side is the transpose of the other.�

1. Derivatives

1.1. Partial derivatives. Many of you might have been introduced to partial
derivatives already in an intuitive way. For example if

f(x, y, z) = x3yz + z sin (x2 + y2)

then
∂f

∂x
(x, y, z) = 3x2yz + 2xz cos (x2 + y2),

∂f

∂y
(x, y, z) = x3z + 2yz cos (x2 + y2),

and
∂f

∂z
(x, y, z) = x3y + sin (x2 + y2).

The idea is of course that when computing, say, ∂f
∂x , we differentiate with respect

to x and pretend y and z are constants. Similar considerations are at work when
computing other partial derivatives. More precisely, it is clear that the right def-
inition for the partial derivative of the above f with respect to x is the limit
∂f
∂x = limh→0

f(x+h,y,z)−f(x,y,z)
h . Analogous definitions can be given for other partial
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derivatives. A little thought shows that if p = (x, y, z) and e1, e2, and e3 are the

standard basis vectors for R3 (e.g. e1 = (1, 0, 0)), then ∂f
∂x = limh→0

f(p+he1)−f(p)
h ,

∂f
∂y = limh→0

f(p+he2)−f(p)
h , and ∂f

∂z = limh→0
f(p+he3)−f(p)

h .

Here is the formal definition.

Definition 1.1.1. Let f : U → Rm be a map where U is an open subset of Rn

and let a be a point in U . For i ∈ {1, . . . , n}, the ith partial derivative of f is said
to exist at a if the limit

lim
h→0

f(a+ hei)− f(a)

h
.

exists. In such a case the ith partial derivative of f at a is defined to be the above
limit. The ith partial derivative of f at a, when it exists, is denoted by any of the
following symbols:

∂f

∂xi
(a),

∂f

∂xi

∣∣∣
x=a

, and Dif(a).

If f = (f1, . . . , fm), clearly ∂f
∂xi

(a) = (∂f1
∂xi

(a), . . . , ∂fm∂xi
(a)).

1.2. Properties of the derivative. Let U be open in Rn, f : U → Rm a map,
and a a point in U . Recall that in Definition 2.2.1 of Lecture 5 we said that f is
differentiable at a if there exists T ∈ L(Rn, Rm) such that

lim
h→0

‖f(a+ h)− f(a)− Th‖
‖h‖

= 0.

If this happens, we call T the derivative of f at a. If f is differentiable at a, we
write f ′(a) for its derivative at a.

The following lemma shows that the derivative is well defined when it exists.

Lemma 1.2.1. Let U be an open subset of Rn, a a point in U , and f : U → Rm

a map. Let A,B ∈ L(Rn, Rm) be such that

lim
h→0

‖f(a+ h)− f(a)−Ah‖
‖h‖

= lim
h→0

‖f(a+ h)− f(a)−Bh‖
‖h‖

= 0.

Then A = B.

Proof. Let C = B −A. Then

‖Ch‖
‖h‖

=
‖(f(a+ h)− f(a)−Ah)− (f(a+ h)− f(a)−Bh)‖

‖h‖

≤ ‖f(a+ h)− f(a)−Ah‖
‖h‖

+
‖f(a+ h)− f(a)−Bh‖

‖h‖
.

It follows that

lim
h→0

‖Ch‖
‖h‖

= 0.

Fix a non-zero vector v ∈ Rn and let ht = tv for t ∈ R. Then the above equality
gives

lim
t→0

‖Cht‖
‖ht‖

= 0.
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Now ‖Cht‖
‖ht‖ = ‖C(tv)‖

‖tv‖ = ‖Cv‖
‖v‖ for all t 6= 0. Thus the above limit gives ‖Cv‖

‖v‖ = 0,

i.e. Cv = 0. Since v was an arbitrary non-zero element of Rn, this means C = 0,
i.e. A = B. �

Theorem 1.2.2. Let U be an open subset of Rn, a a point in U , and f : U → Rm

a map. Suppose f is differentiable at a. Then f is continuous at a.

Proof. Let T = f ′(a). Then (as T is continuous, being a linear transformation),

‖f(a+ h)− f(a)‖ ≤ ‖f(a+ h)− f(a)− Th‖+ ‖Th‖ −→ 0 (as h −→ 0).

This proves that f is continuous at a. �

1.2.3. Let f : U → Rm be a map, where U is open in Rn. The map f is said to be
differentiable on U if f is differentiable at every point of U . In this case we have a
map f ′ : U → L(Rn, Rm) given by x 7→ f ′(x). The map f ′ is also denoted Df .

Similarly, if Dif(x) exists for every x ∈ U , we say the ith partial derivative of f
exists on U . In this case we regard the ith partial derivative of f as an Rm-valued
function on U and denote the function as Dif , or as ∂f

∂xi
.

1.2.4. Using the standard bases on Rn and Rm we have a canonical vector space
isomorphism L(Rn, Rm) −→∼ MR(m,n) where MR(m,n) is the space of m × n
matrices. The latter is isomorphic to Rmn. In any case, via these isomorphisms
L(Rn, Rm) acquires a norm, and since all norms on a finite dimensional vector
space are equivalent, if Df exists on U , then the notion of the continuity as well as
the differentiability of Df at a point on U or on all of U makes sense, independent
of the norm imposed on L(Rn, Rn). Moreover if the derivative of Df exists at a
point in U then the value of the derivative at that point is also independent of the
norm imposed. The same discussion applies to each partial derivative Dif .

2. The matrix of f ′(a)

Throughout f is a function on an open set U in Rn taking values in Rm.

2.1. Matrix representations. Suppose A : Rn → Rm is a linear transformation
and [A] its matrix representation with respect to the standard bases on Rn and
Rm. Let e1, . . . , en be the standard basis of Rn. This means

ei =



0
...
0
1
0
...
0


←− ith place .

Then it is well known that

(2.1.1) Aej = jth column of [A], (j ∈ {1, . . . , n}).
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2.1.2. Now suppose T = f ′(a) for some point a ∈ U . Fix j ∈ {1, . . . , n}. We have

lim
h→0

∥∥∥∥∥f(a+ hej)− f(a)

h
− Tej

∥∥∥∥∥ = lim
h→0

‖f(a+ hej)− f(a)− T (hej)‖
|h|

= lim
h→0

‖f(a+ hej)− f(a)− T (hej)‖
‖hej‖

= 0

since T = f ′(a). Thus limh→0
f(a+hej)−f(a)

h exists and

(2.1.2.1) lim
h→0

f(a+ hej)− f(a)

h
= Tej .

In other words Djf(a) exists and

(2.1.2.2) Tej = Djf(a).

We therefore have the following result:

Theorem 2.1.3. Let U be an open subset of Rn, a a point in U , and f : U → Rm

a map. Let f = (f1, . . . , fm). If f is differentiable at a then the partial derivatives
Djf(a) exist for 1 ≤ j ≤ n and the matrix representation of f ′(a) in the standard
bases of Rn and Rm is

Jf(a) =


∂f1
∂x1

(a) . . . ∂f1
∂xn

(a)
...

. . .
...

∂fm
∂x1

(a) . . . ∂fm
∂xn

(a)


Proof. This is an immediate consequence of (2.1.1), (2.1.2.1), and (2.1.2.2). �

For the corollary below, it may be a good idea to revisit the discussion in §§§1.2.4.

Corollary 2.1.4. If f is differentiable on U then Df : U → L(Rn, Rm) is con-
tinuous if and only if the partial derivatives Dif : U → Rm are continuous for
1 ≤ i ≤ n.

Proof. This is immediate from the theorem, the discussion in §§§1.2.4 and the fact
that a function g : Rl → Rk is continuous if and only each gi, 1 ≤ i ≤ k, is
continuous, where g = (g1, . . . , gk). �

Definition 2.1.5. If f satisfies the hypotheses of Theorem 2.1.3, the matrix Jf(a)
displayed in the theorem is called the Jacobian matrix of f at a. If f is differentiable
on all of U , then the matrix of functions

Jf =


∂f1
∂x1

. . . ∂f1
∂xn

...
. . .

...
∂fm
∂x1

. . . ∂fm
∂xn


is called the Jacobian matrix of f .

Remark 2.1.6. If we blur the distinction between L(Rn, Rm) and MR(m,n)
using the standard bases on Rn and Rm, then Df = Jf . In many textbooks Jf is
called the derivative of f . We too will often do away with the distinction between
L(Rn, Rm) and MR(m,n).
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Theorem 2.1.7. (The Chain Rule in Several Variables) Let U ⊂ Rn, V ⊂ Rm be
open subsets, f : U → Rm and g : V → Rk maps with f(U) ⊂ V , a a point in U
and b = f(a). If f is differentiable at a, and g at b, then g ◦f is differentiable at
a and

(g ◦f)′(a) = g′(b)f ′(a).

Proof. Let A = f ′(a) and B = g′(b). For h such that a+ h ∈ U and k such that
b+ k ∈ V set

ε(h) = f(a+ h)− f(a)−Ah and η(k) = g(b+ k)− g(b)−Bk.

Then

(∗) lim
h→0

‖ε(h)‖
‖h‖

= lim
k→0

‖η(k)‖
‖k‖

= 0.

Let ζ : (V−b)r{0} → [0, ∞) be the map k 7→ ‖η(k)‖/‖k‖. By (∗), limk→0 ζ(k) =
0, and so we can extend ζ to a continuous function on V − b by setting ζ(0) = 0.

Let W be a ball centered at 0 ∈ Rn such that W + a ⊂ U . Let h ∈ W r {0}
and set

k = f(a+ h)− f(a) = f(a+ h)− b.

Note that

(∗∗) Ah = k − ε(h).

With ‖A‖ and ‖B‖ denoting operator norms on A and B respectively (see (2.1.1)
of Lecture 5), we have the following chain of inequalities.

‖g(f(a+ h))− g(f(a))−BAh‖
‖h‖

=
‖g(f(a+ h))− g(f(a))−B(k − ε(h))‖

‖h‖
(via (∗∗))

=
‖g(b+ k)− g(b)−B(k) +Bε(h))‖

‖h‖

≤ ‖g(b+ k)− g(b)−B(k)‖
‖h‖

+
‖Bε(h))‖
‖h‖

=
‖η(k)‖
‖h‖

+
‖Bε(h))‖
‖h‖

= ζ(k)
‖k‖
‖h‖

+
‖Bε(h))‖
‖h‖

= ζ(k)
‖Ah+ ε(h)‖

‖h‖
+
‖Bε(h))‖
‖h‖

(via (∗∗))

≤ ζ(k)
‖A‖‖h‖+ ‖ε(h)‖

‖h‖
+
‖B‖‖ε(h))‖
‖h‖

= ζ(k)

{
‖A‖+

‖ε(h)‖
‖h‖

}
+ ‖B‖‖ε(h))‖

‖h‖
.

By the continuity of f at a we see that k → 0 as h → 0. By the continuity of ζ
we have ζ(k) → 0 as k → 0. Hence by (∗), the expression on the last line of the
above chain of inequalities tends to 0 as h→ 0. This proves the theorem. �
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3. The class C k

3.1. Higher order derivatives. From the discussion §§§1.2.4 we know that if
f : U → Rm is differentiable on U , where U , as usual, is open in Rn, then one can
talk about Df being differentiable at a point a, and write D2f(a) for D ◦Df(a) =
D(Df)(a). In view of Theorem 2.1.3, if D2f(a) exists then Di ◦Djf(a) exists
for all 1 ≤ i, j ≤ n. One can of course take this further to any order. Par-
tial derivatives (when they exist) of the form Di1 ◦Di2 ◦ . . . Dik(f) (respectively
Di1 ◦Di2 ◦ . . . Dik(f)(a)) are called partial derivatives of order k (respectively par-
tial derivatives of order k at a). Often they are just called kth order partials, or kth

order partial derivatives (the “at a” being added when needed). One often writes

Di1...ik or ∂k

∂xi1
...∂xik

for Di1 ◦ . . . ◦Dik . Thus we have

Di1 ◦ . . . ◦Dik = Di1...ik =
∂k

∂xi1 . . . ∂xik
.

At a point a the following notations are also common (when the left most iterated
partial derivative exists at a)

Di1 ◦ . . . ◦Dikf(a) = Di1...ikf(a) =
∂kf

∂xi1 . . . ∂xik
(a) =

∂kf

∂xi1 . . . ∂xik

∣∣∣∣∣
x=a

.

Definition 3.1.1. Let U be an open subset of Rn, and f : U → Rm a map and
k ≥ 1. We say f is k-times differentiable on U if Dkf exists on U . We say f ∈ C k,
or sometimes f ∈ C k(U) if f is k-times differentiable and Dkf is continuous on U .

Further obvious terminology is as follows. With f as above and a ∈ U , f is
1-times differentiable at a if it is differentiable at a. For k > 1, we say f is k-times
differentiable at a if it is k − 1 times differentiable in an open neighbourhood of a
and Dk−1f is differentiable at a.

About these notes. These course notes are a reasonably faithful record of the
lectures given at the Chennai Mathematical Institute (CMI) in the January-April
semester of 2019-20. The course is Analysis II, a core course for first year un-
dergraduates at CMI. For more material related to this course, visit https://www.
cmi.ac.in/~pramath/teaching.html#ANA2. If you have comments on these notes,
or on related course material, please send an email to pramath@cmi.ac.in.
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