
HW 7

Due on March 23, 2020 (in class).

Orthogonal and unitary matrices.

1. Let V be an inner product space over C. Show that a linear transformation
T : V → V is unitary if and only if T preserves norms.

2. Let Un be the set of unitary n× n matrices. Show that Un is a compact subset
of Mn(C). [Hint: Consider the map A 7→ ĀtA on Mn(C).]

Implicit function theorem. Let n = d + m where d and m are non-negative
integers. Let S be a subset of {1, . . . , n} of cardinality m, say S = {j1, . . . , jm} with
j1 < · · · < jm. Let {i1, . . . , id} be its complement in {1, . . . , n} with i1 < . . . < id.
We then have an automorphism of Rn

ΘS : Rn −→ Rn

with ΘS(z1, . . . , zn) = (zi1 , . . . , zid , zj1 , . . . , zjm). For simplicity, we will continue to
use the symbol ΘS for ΘS |U for any subset U of Rn. More often than not U will
be open in Rn.

As usual, let π : Rn → Rd be the projection to the first d coordinates and
π′ : Rn → Rm the projection to the last m coordinates.

Fix an open subset U of Rn, and let US = ΘS(U). Let ϕ : U → Rm be C 1 and let
C1, . . . , Cn be the columns of Jϕ. Fix p = (p1, . . . , pn) ∈ U , and let c = ϕ(p), and
M = ϕ−1(c). Let S, j1, . . . , jm, i1, . . . , id be as above. Set aS = (pi1 , . . . , pid) ∈ Rd,
and bS = (pj1 , . . . , pjm) ∈ Rm.

3. Suppose Cj1(p), . . . , Cjm(p) ∈ Rm are linearly independent. Show that there is
an open subsetWS of Rd containing aS and a unique C 1 map gS : WS → Rn tak-
ing values in M1 such that gS(aS) = p and such that π ◦ΘS ◦gS is the identity
map on WS . [Hint: Examine the map ϕS : US → Rm given by ϕS = ϕ ◦Θ−1S .]

4. Let Cj1(p), . . . , Cjm(p) be linearly independent and gS be as in Problem 3.
Show that gS is one-to-one and takes open subsets of WS to open subsets of M .
[Hint: Re-examine how the implicit function theorem follows from the inverse
function theorem.]

5. Let Cj1(p), . . . , Cjm(p) be linearly independent. Let T be another subset of
{1, . . . , n} of cardinality m and suppose the set {Cj(p) | j ∈ T} is also linearly
independent. Let gS and gT be as in Problem 3. Let V be the open subset of
M given by V = gS(WS) ∩ gT (WT ) and let VS and VT be the open subsets of
Rd given by VS = g−1S (V ) and VT = g−1T (V ). Show that the map

(gT |VT
)−1 ◦ (gS |VS

) : VS −→ VT

1This means gS(x) ∈ M for every x ∈ WS .
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is C 1. [Advice: It may be notationally simpler to assume (and this can be done
without loss of generality) that T = {d+ 1, . . . , n}.]

6. Read the definition of a differential manifold from any book. Relate the above to
the notion of a differentiable manifold when ϕ′(z) has rank m at every z ∈ M
(assume ϕ is C∞ if the definition you read needs C∞ functions). You don’t
have to submit this problem.

7. Show that Un is a differentiable manifold. Again you don’t have to submit this
problem.

8. Take a five kilometre walk every evening. This one has to be submitted.
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