
 

Locallyfree sheavesand rotorbundles

This is meant to help with future latrines
Basics Given a ring A and theModa we have the
non commutate guarded terror A algebra T.CM Tuch

with TVM M AM The product TCM ATM1M MMM
n times

is obvious Nodding out by the two sided ideal J in T.cm
generated by mom n m m m EM we obtain
a commutative A algebra

Syuri M T.CM II
If B is a Ccommutatine A algebra and M B an

A module map then we have a unique mapof
A algebras 4 Sym M B smh that 4cm 0cm

MEM

Important example wt F be a free A module of rank
The co ordinate free way of defining polynomial
functions on F is as elements of PCF _Syuri A where

F is the dual of F ie F Homa F A Indeed

given PE PCF then p µwfZsmai id di did ai id 0A

dig E F the prodrut di 2in the mirage of di dice

in PE and hence we have fer UEF
peu Ie avi id di w didCu CA

If we choose a basis f fu for F and ti't fu
the dual basis for F ie fit Cfj 8ij i jen
then PCF gets identified with AET Tu with



I do Cft I s Ean on TV Im
Under this identification if alfie tan fin
then plot ofCaa and for p C PCF and of its

image in ACU Yu
This coordinate free way of looking at polynomials

on F is useful
Projahiremodules Recall that finitely presented pojerlinmodules
are locally free more is bine but we will not go into
that look up theorem of Kaplansky on poojatne modules

on local rings Thus if P is a projutno A module
and is finitely presented ie we have an exent

sequence te s Ad SP O d e non neg
integers then F ay am C A s t Pai is a fine
Aaj module and Cai am A Sirree Symi is
functional and behaus well with respect to localisation

if Ui Dai C speed then Symon P lait Aa Et Tn

Vertu bundles Let P be as above Let V Spu grip't
Then we have a map

I V 2 SpuA

corresponding to the A algebra A Syuri P
from what we said above

IT Ui E ATei i l in
Moreover the transition funtions on Uj ainUj are

linear automorphisms snice all they invoke is a



change of basis of the free Aaiaj module Paiaj
In other words V I s Spud is a natronbundle

This will be defined more formally in the come but

you can get ahead of the game by hooking up the
defno

This gunalises to locally fire shears on a scheme X
Let P be a locally free Q module ie F an

open corner UY g x s t P 1nFOut set
D Syria P't where Syme pit has an obvious

meaning Then we have an X scheme

vi Spu B
as in Hw 6 Let

it V X
ke the slimline map Then U X is a mtor

bundle on X

Invertible sheaves Locally fine shiansof rank 2 are

called invertible shears We mentioned this in class
The corresponding rotor bundles are called line bundles


