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As always, “map” is used for “morphism”. In particular a “map of complexes”
is either chain map pr a co-chain map, depending on whether the complexes in
question are chain complexes or co-chain complexes. For problems involving an
abelian category A , you may, if you feel like, assume A = ModA, the category of
modules of a ring A. For a complex C•, Zp(C•) is the kernel of dpC and Bp(C•)

is the image of dp−1
C , i.e. if we are dealing with A = ModA, Zp(C•) is the module

of p-cocycles of C• and Bp(C•) is the module of p-coboundaries of C•. As always,
the pth cohomology Hp(C•) of C• is the “quotient”:

Hp(C•) := Zp(C•)/Bp(C•).

Please look at https://www.cmi.ac.in/~pramath/AGI/notes/CechNotes.pdf
for various definitions involving Čech complexes and the Hom• complexes.

Homotopies. Let α : C• and D• be two complexes in an abelian category A . A
map of complexes α : C• → D• is said to be homotopic to 0 if there exist maps
kp : Cp → Dp−1, p ∈ Z, such that αp = dp−1

D
◦kp+kp+1 ◦dpC for every p ∈ Z. In this

case we write α ∼ 0. Note that if α ∼ 0 then −α ∼ 0. Two maps α, β : C• → D•,
are said to be homotopic to each other if α− β ∼ 0. Homotopy is clearly an equiv-
alence relation between maps of complexes.

1. Show that if α ∼ β then Hp(α) = Hp(β) for all p ∈ Z.

2. Let T • = Hom•A (C•, D•).
(a) Show that Z0(T •) is the group of maps of complexes from C• to D•.
(b) Show that B0(T •) is the group of maps of complexes from C• to D• which

are homotopic to zero.

The sheaf Čech complex. Let X be a topological space, and U = {Uα}α∈Λ an
open cover of X with Λ totally ordered. For any open set V of X, set U ∩ V :=
{Uα ∩ V }. Fix p ∈ {0, 1, 2, . . . , n, . . . }. If C•(U, F ) denotes the Cech complex of a
sheaf of F , let C p(U,F ) be the presheaf given by V 7→ Cp(U ∩ V, F |V ), V open
in X. It is easy to check that C •(U, F ) is a sheaf and that the coboundaries in
the Cech complex restrict well to open subsets, and hence we have a complex, the
so called sheaf Cech complex, C •(U, F ) as well as a map F → C •(U,F ).

3. Show that the natural map F → C •(U, F ) is such that the induced map
Fx → C •(U, F )x on stalks is a quasi-isomorphism for every x ∈ X. [Hint:
Find a homotopy between the zero map and the identity map on the augumented
complex

0→ Fx → C 0(U, F )x → C 1(U, F )x → · · · → C n(U, F )x → . . . .
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In greater detail, for simplicity assume that x ∈ Uα∗ , where α∗ is the smallest
element in the well-ordered set Λ. Let ξ ∈ C p(U,F )x. Then ξ is represented
by a section σ ∈ Cp(U ∩ V, F ) for some neighbourhood V of x. Without
loss of generality, we may assume V ⊂ Uα∗ . Let κp(σ) ∈ Cp−1(U ∩ V, F )

be the element whose (α0, . . . , αp−1)
th

component, with α0 < · · · < αp−1, is
σα∗α0...αp−1

∈ F (Uα∗α0...αp−1
∩ V ) = F (Uα0...αp−1

∩ V ). Let kp(ξ) be the
germ of κp(σ) at x. Check everything is well-defined and {kp} is the required
homotopy for such an x. What would you do if x /∈ Uα∗?]

The punctured affine plane. Let k be a field, A = k[S, T ], the polynomial
ring over k in two variables, m◦ the maximal ideal 〈S, T 〉 of A, A2

k = SpecA,
X = A2

kr{m◦}, U0 = SpecAS , U1 = SpecAT . In geometric terms, A2
k is the affine

plane over k, m◦ the origin of this affine plane, X the plane punctured at the origin,
U0 the affine plane minus the T -axis, U1 the affine plane minus the S-axis. Note
that U = {U0, U1} is an open cover of the punctured plane X.The Čech complex
C•(U, OX) is clearly the complex

0 −→ AS ⊕AT
d−−−→ AST −→ 0

where d(a, b) = b
1 −

a
1 . The grading is such that AS ⊕AT is in the 0th-place.

4. Show that Ȟ1(U, OX) can be identified with the module of inverse polynomials in
S and T , i.e., the A-module which as a k-vector space is generated by the linearly
independent elements SµT ν where µ, ν < 0, and whose A-module structure is
given by SmTn(SµT ν) = Sm+µTn+ν if m+ µ and n+ ν are both negative, and
is zero otherwise.

Varieties and Schemes. The following problems deal with some material which
will be covered soon.

5. Let t be the functor t : Var/k → Sch/k from the category of varieties to the
category of schemes over an algebraically closed field k. Show that for any two
varieties V,W over k, the natural map

HomVar/k(V,W ) −→ HomSch/k(t(V ), t(W ))

is bijective.

6. Let S be a graded ring and f be a homogenous element of S+. For any homoge-
nous ideal a ⊆ S, let φ(a) = aSf ∩S(f). Show that φ gives a bijective map from
D+(f) to SpecS(f).
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