HW 1

Due date: Sep 29, 2021

As always, “map” is used for “morphism”.

Etale spaces. For a presheaf F' on a topological space, we will use the notations we
used in class. Thus &(F) is the topological space associated with F, w: &(F) — X
the natural map, F'* the sheafification of F etc.

In what follows, X is a topological space, and F' a presheaf on X.

1) Show that 7: &(F) — X is a local homeomorphism.

2) Show that if U is open in X and s € F(U), and for z € U, s, the germ of s at
x,' then the map
os: U — &(F) = H F,
zeX
given by x + s,, x € U, is a continuous map.

Recall that the natural map (= 6g): F — FT is the map defined on every open
set U of X by s — o, with the notation as above.

3) If F is a sheaf, show that 0 is an isomorphism.

4) Let E be a topological space, p: E — X a local homeomorphism such that for
every x € X, p~!(z) is an abelian group. Define E xx E to be the subspace
of E x E consisting of pairs (e,e’) with p(e) = p(e’). Suppose the two maps
ExxE — E, (e,e)— e+e and E — E, e — —e are continuous. Let F = Fg
be the sheaf of sections of p: F — X i.e., for an open subset U of X, #(U)
is the abelian group of continuous maps from o: U — FE such that poo = 1y.
Show the following.

(a) Forx € X, there is a natural isomorphism of abelian groups ¥, : %, <> p~!(x).

(b) There is an isomorphism ¢: &(F) == E such that poy = 7.

5) Let X be a topological space, % a sheaf on X, U an open subset of X, and
= {U,} an open cover of U. For every o and 8 set U,p:= U, N Up. Show
that the sequence of abelian groups

0= ZU) S [[ZUa) LiR [17W.s)
[e% a,B

n other words, s, is the image of s € F(U) in the stalk F,, under the natural map F(U) — Fj
arising from the definition of a direct limit.

1



is exact, where € is the “diagonal” map s — (s|y, )s and the map d° is defined
by d°((sa)a) = (0ap)a,p Where oas = splu., — Salv.,-

HB-sheaves. For the remaining problems consider the following. Let X be a topo-
logical space, # a basis for the topology on X with the extra condition that if By
and Bs are in £ then so is By N By (e.g. the standard basis for the topology on
Spec(A), where A is a commutative ring). Let F' be a #-sheaf (defined in class).
For U an open set of X set

F(W)i=ker |[[ F(Ua) S ] F(Unp) (%)
@ a,f3

where (U,) is an open cover of U with U, € % for every « and d° is as in 5).

6) Show that .#(U) does not depend on the open cover (U,) of U, i.e. any two
covers by members of Z give rise to isomorphic kernels as in (x).

7) Show that the assignment U — % (U) gives us a sheaf, which we will denote .%.
8) Show that we have an isomorphism of %-sheaves % |z — F.

9) If G is a H-sheaf and p: F — G a map of HB-sheaves and if ¢ is the sheaf on
X arising from G via the process outlined in 7) then show that there is a map
@: F — 4 such that the diagram

Flg—F
commutes, where the horizontal isomorphisms are as in 8).
10) Show that
F(U) = lim F(B)
B
where the inverse limit is taken over B such that B € % and B C U.
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