
 The Petersengraph
Consider the Petersengraphbelow
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One checks easily that
I it has 10 vertices and 15 edges
2 every vertex has degree 3
3 It is connected

4 It has no cyclesoflength 3 or 4 All cycles are of
length 5 or more

Lom these observations it is not hard to see that it is not
hamiltonian Tosee this let G denotethePetersengraph and suppose it has
hamiltoniancycle r Chi 22,23 Na 25 26 27 48 Ka Rio Wehave to
derive a contradiction
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vertex ofG has degree
We need one edge more for
each of the vertices Let ei be
the edgeincidentto no not

traversedby t Consider the possibilities fore Since G has no cycles
of length 3or 4 the onlypossibilities fer e are mins n ng and aim
The same reasoningshovesthateach ei has onlythreepossibilities
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onna possibilities for en We will show that
none ofthem can occur Notethat ifNg 4
we shove e cannot be 225 then by

ni on 5 symmetry e cannot be seen either
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I The care e King There
are three possibilities for
ez as shownby the dotted
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care R1 Nz26,25 is a 4cycle which
is not possible

The dotted lines on the pictureon the left
givethe possibilities for eg Since eat 224

Ra therefore e Konz It cannotbe seen either

for then deg ni 4 whichis not possible This
ng leaves e nono as the only possibility In

this case x NoNoNS is a 4 cycle which is
also not possible

Lom our analysis of the two subcares above we conclude that the
case e x ng is not possible

I The care e Rn This case is the mirror imageof case I and
hence by symmetry is not possible

I The case e nine Once again consider the possibilities for
ez as shown in the picture below



If ez n ng then degof 74 which
is not possible If ez man then o n

ten 26 N Nz is a 4 cycle in G Ra
which to is not possible This leaves
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us with only one subcase namely
ez Kang n on Rs

So suppose e seno and

a of

ng
ez 222g There are three possibilities foren andthese
are shown via dotted lines on thepicture on the left

Ra Thepossibilities e a K and e x Nz are eliminated

via degreeconsiderations If e n n then
ng Ky

Nz 28 M R is a 4 cycle in G which is
ni on s impossible

Thus none of the possibilities in case I are
actual possibilities

The conclusion is that there is no 10 cycle in G
It follows that the Petersengraph is not hamiltonian

The following tree gives the structureof the proofand the various
cases and suitcases The reason for the impossibility of a route is given
at the bottom of each route of cares suitcases and sub subcases
taken
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