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Two vertices are neighbours if they are adjacent lie there is an

edge joining them Theneighbourhoodofavertex is all thevertices
which are its neighbours In the picture above c f is the
neighbourhood of d and the neighbourhood of g is empty

Let G V E be a graph and v a vertex ofG
deg v of edgesofG incident to rG

number ofedges in its neighbourhood
degreeof v

When G V E and H W F are graphs we say H is
a subgraphof V if we v and F CE

Example In any finite graph there are at least 2 distinct verticesof
the same degree
Roof dega n E tut 1 So

dig V Itv1 t
By the Pigeonhole principle dega is not injective 1

Remark This is the similar to the example of there being 2 people
with the same of friends in a group of a people



Theorem TheHandshake Theorem Let G V E be a graph Then

PE deg 107 2 El
Proof

Every edge is incident on two
vertices

and contributes twice to the
Sum of the degrees

corollary The number ofvertices ofodddegree is even
Poof Let Vo be the set ofvertices of odd degree and Ve the
set of vertices with even degree Then

2151 Ey deger El degli tofudegIv

Ey dig in I deg even number
eve since reve

evennumber

Thus Ey deg Iv is an even number But eachterm in the

sum is odd Since the sum of two odd numbers is even
and the sum of an odd number with an even number is odd
it is easy to see that the number of terms in the sum must
be even 11

Definitions Let G V E be a graph A walk in G is a

sequence of vertices hi Nz rn such that ni Nit is an edge

for ie ie n t A path is a walk in which all vertices are distinct
A cycle is a path cares attendthat sun is an edge
A better definition of a cycle is a walk Gi na Rn anti
such that Chi m is a path and anti ki

The length of a walk is the numberof edges in it
Thus the lengthof Coen in is n t



It is easy to see the following
a lengthof Pu n 1

or length of cu
n

A path China m haslength n t
00 A cycle Ca Nz ape has length n
A pathoflength n 1 regarded as a subgraph
is isomorphic to Pn
aA cycleoflength n regarded as a subgraph is

isomorphic to Cu

Definition A graph G V E is connected if forall myEV nay
there is a path starting at se andending at y

This is notconnected Had
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thedottedline been an edge
then thegraphwouldhave

a o beenconnected

Definition A connected component of a graph G Iv E is
maximal connected subgraph H ofG ie if it is a
connected subgraph of G which has H as a subgraph
H E H E G then H H

It is clear that G breaks up into converted

components and G is connected if and onlyif it hasonly
one connected component

provethisyourself

There are two connected components in
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this picture One is
abcd e f ab ac be ad dedta do

a and the other is g



Eulerian graphs
Fix a graph G V E in the discussion that follows

Circuits us cycles A circuit is a walk cnn.kz anti with

Knik such that all edges niniti i t ntl are distinct
Note that n must be greater than or equal to 3
A cycle is a circuit retina Knt such that China kn
is a path ie such that ni no an are distinct and of
course Knt Ri

We say that a walk r ri na nm traverses
an edge e e E if e is one of the edges niniti i b in

It is clear that if r Cris m is a path then

regarding r as the subgraph
H Ri an Nina 22ns kn in

ofG T is isomorphic to Pa

Similarly if u 3 and r Cri Nz Rn anti is a cycle
then o is isomorphic to Cu

It is clear that every circuit
breaks up into cycles I will

leave the proof to you The picture below gives an example

of this phenomenon
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In the above picture r is a circuit and r and I are

cycles which add up to r



Definition A graph G V E is called eulerian if it is either a
graphwithonly one vertex or it has a circuit whichtraverseseveryedge
in G exactly once

Aho note that an eulerian graph G N E is

necessarily finite ie the set V is a finite set

From now on for the restof the course unless otherwise
stated we will assume all graphs are finite

Theorem A graph G V E is eulerian if and only if it
is connected and the degree of everyvertex in G is an

even number

Poof The care where G has only one vertex is trivial andthere
is nothing to proveFrom now on we assume that 101 I in the proof

Suppose G N E is eulerian Sincethere is a circuit
which traverses every edge it is clear that any two
vertices are connected by a path In greater detail suppose
6 hi anti is a circuit which traverses every edge
Let a b e V at b Then there is an i and a j such that
a ni and b Rj We may assume icj Then the

walk hi Rita nj is walk which connects a and b By
discarding all the cycles which occur in the walk we get a
path joining a to b Thus G is connected

Next suppose a EV say a ni Then the two edges
Ni i ni and ni kit are incident on a if i ntl then
take Kit x If a is repeated in the circuit in G
then for each occurrence of a in T we have two edges
incident to a Hence the degree of a has to be even
We will prove the remainingpartofthe theorem namelythe

converse ofwhat we proved in the next lecture


