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4 1 The PigeonHole Principle
The basic idea is

If we put ntt objects in n boxes there will be a box
with at least 2 objets

Here is the formal statement
Theorem Let X and Y be finite sets such that 1 1 171
If f X Y is a function then there exist distinct
elements Ki Nz E X such that fix f x2 ie f is not
injective

Example Prove that in a group of a people there are
at least 2 persons who know exactly the same number of
people in that group assuming that everyone knows at
least person knowing oneself does not count
Solution

A pinon brows at most n t people
Let X be the set of people in the group and

let

f X s In i

be defined by
f in of people in the group x know

Them 141 n s n t ten i By the Pigeon Hole
Principle there are distinct people x y Ex such that
fin fly Il

or az 3

s
and 7 know 2 persons

7 each 16 aloneknows

6 4
2 people



Proofofthe PigeonHole principle

Xy
12 Yay Y Xy

jot or

or

or or or

Y x x x x

Y Ya y y yh M K Isay

For y EY let

Xy ne X fins y

Then 1 1 I lxyl
yey

We have to prove that My 72 for some y EY Suppose

this is not so Then

My 2 y EY
This means

Wyle 1 t y EY
Since IxtyElxyl we get

IN JeyMy Ey E MI

Thus Hk141 contradicting thehypothesis that 1 1 141 1

We often write f ly for Xy The set f ly is often
called the inverseimageofy underf



Theorem Erdos SzekeresTheorem Let m nE IN Any sequence of
mutt distinct real numbers either has an increasing sequence
of mtl terms or a decreasing sequence of ntl terms Both are
alsopossible

Example m 3 n 3 mut I 9 1 10
3 17 4 320 5 33 T2 H O e

320 33 I e is a decreasingsequenceoflength 4
Actually in this case we also have an increasing
sequence of length 4 namely 3,4 5 33

Proof
Let t Rt 22 as Runt be a finite sequence of

math distinct terms For all i e turnt I let
ai maximum member of terms in an increasing

subsequence of r with ni the first term
bi maximum memberof terms in a decreasing

subsequence of r with ni the last term
We have to shove that at least one of the following happens

ai s mtl for some i
or a bi s att for some i

Suppose not Then ai em and bit n for all i
Let X Tmnt i 1,2 mut t and

Y la b a be IN Is a em is ben Em x In

Let f X s Y be the map
f ti Cai bi i b mutt

Siree 1 1 matt ma 171 by the PigeonHole principle
there exist i j E Tmnt's with i j smh that f ti fly3
ie

rai bi Cag bj
There are two possibilities

L ni a ng and 2 Ni Nj



If Nic Nj pick a subsequence fair Riz diag
of t with ni Nj which is increasing This is

possible became of the definition of aj Then the
subsequence Ri

Yg Nig is increasing and

has aj tt ait terms we are using the font that
Cai bi aj bj whence ai aj and bi bj This
is not possible by the definition of ai

If on the other hand ni Rj we can find a

decreasing of r of length bi whose last term is ni Adding
the term of at the end of the subsequence we get a

decreasing subsequence of t of length bit l bj th whose
last term is Rj This contradictsthedefinition ofbj

we are therefore done 1

Theorem The Generalized PigeonHole principle Lt X andY
be finite sets with

1 Xl emD ly

for some me IN If f X Y is a function then there exist
at least m distinct elements oh nuns km of X smh
that fin f na f nm

As before for y EY let Xy be the inverseimage of y
under f ie

xy next tiny
We have to shove that Ixy em for some y EY
Suppose this is not so This means

Ny I am for all yEY
oh equivalently

Ny E m t for all yEY
Summing over y EY we get



1 1 Ey IXyl e Jey m i 141.1mD

ie 1 1 E 141 Im D This contradicts thehypothesis

of the theorem I

Example Ramsey'stheorem In a group of 6 people
there is either a set of 3 people who all know each other
or a set of 3 people none ofwho know each other
Proof
Let the people be 21,22 23,24 25 and 26
Define a map

Notethatthisstarts with 22 and notse

f ME23 24 25 O I

by the rule

fin
O if K and Xi do not know eachother
1 if n and ni know eachother

Now
I na nana nano 3 1 0,1 since 5 2 127 4

The Generalized PigeonHoleprinciple applies and we get
a subset Ni Nis Nis of RzM3 4,45 No such that

f Ini finis f his
There are two cases
Case 1 fine f Miz fMis 1
Case 2 f ni f nie fMig 0

Consider Case 1 Either none of ni his his know each
other or at least two of them know each other In
the first case we are done In the second case suppose
Ki and Riz know each other Then 21 Ni Riz is



a subset of 3 persons all of who know each other So
in the event we are in case I we are done The

picture below may help
friends
notfriends Picture for Care I

22 no no friends with x

oh ooh

Ng or a 2 Ng or onNz

RgOr N ngOt on

044 O'no

Subcase Noneof2224,26 Subcase Nz andno friendswith
friends with eachother eachother Thesubset Rinano
Thesubset no nono works works

None suppose we are in Canez In this case

either all three of ni his his know each other or

there are two of them say no and his who do not
know each other In the former case we are done
In the latter care none of R no ki know each other
So we are done in this case too 1


