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Example You are given 3 coins all identical exceptfor one
which is heavier Using a balance prove that you can

find the heavy coin in n weighings
Solution

If n I we have only 3 coins Pickany two and compare
them on the balance If the two coins

have the same weight then the one left
out is the heaviest Otherwise the balance n i n

tells us which is heavier So one weighing is enough
We now know how to work this when n 1 Now let us

work this out for n 2 We have 9 coins We can make
three piles out of them of three coins lark Pickany
two pills and compare them on the balance If theybalance
the pile left out is heaviest If not the balance tells us

which one is heavier In either care after one weighing
me have a pile of three coins identical except for one coin
which is heavier We have already seen from the n t care
that one more weighing and we can identify the heavy coin

How would you do a pileof 33 27 coins The idea
is now clear Split it into 3 pilesof 9 coins each One

weighing tells you which pile of 9 32 coins has the
heavy coin The previous case tells you that 2 further
weighing and you have identified the heavy coin In totalthree weightings are enough when n 3

In general if n 2 and youhaveworkedout how
to identify the heavy coin for a pileof 3 coins in n t

weighing then for a pileof 3 coins you shouldbreak this pile
into 3 piles of 3 coins each In one weighing youcan workoutwhichpile of 3 coins has the heavy coin And since you have

worked out the n t care in another n t weoghings you are done



Example Find an_upper bound for the sequence
i 2 i 2412 I 24 2412 a o

Solution
Since 2 E G E e F 2

What about 2 12

Wehave 2 t 2 E 2 2 4 and hence
i 2 t 2 E 54 2

What about 24 2 12

We had
24 2 t z E 2 2 4

and hence
I 24 2 t 2 f 54 2

If we continue in this way it looksverylikely that 2
is an upperbound for the sequence Here is the basic
idea Let Su be the nth term of the sequence Then

but at Sn n 1

In our calculations above we first showed sie 2 Then
used the fact that s 2 to show that Sze 2 And then
we used the fact that Saez to show that 53 2

In general suppose we have shown that she 2
Since Sky I 2T Sp we see that

six ItSp E 2 2 4
Hence Spy E 2 4

The examples above seem to fall under the following
organising principle

Si sa s Sn Ar Spy
1 I

faina effect

Onepush andthey allfalldown



The principle ofmathematical induction
Let Si Sz 53 be a sequence of statements e.g equations
such that
base case S is true

Inductive step Sk Spy for all ke IN
Then Su is true for all ne IN

The picture of the dominoes above should help with
understanding the principle

Example Show that If i neill ne in

Proofby induction LetSn be the assertion above
The bare care when nel is true because

É i 1 if S is true

Suppose for some k 1 the statement is true for n k skittrue
Let us show that Spy is true for some k31

Iii Iii Can

KIRI Rtl since Sp is true

k Rtl 21kt

Cell Rt27
2

This shows that Suez is true ie

Sp Spit
By the principle of induction Su is the t neNge d



Example Show that 1 3 54 2n 1 M NEIN
Solution

Su 1 3 54 t 2n D N
Have to shove Su is true for all nein
Set n 1 The L S ofSu 1 the R S ofSu l So

S is true base case
suppose Sp is true for some k 1
L S of Sky as Pictorialproof

1 3 54 2k 1 2kt 1 1 3 5 7

I
It 3 57 2k 1 2kt l

k t 12Rtl n

ktp 2
since Sp is fine

Thegeneral
acasecanR S of Skt alsobeproved

aThus bydrawing
Sp Spt KEIN You and

By induction Su is time for all in 4 satisfied

Example Let n be a positive integer Shove that any2 x2 chessboard with one square removed can be tiled
using using L shaped pieces where these pieces cover
three squares at a time

s Lshaped tile covering 3squares

Square EEEEEBIif

removed

Write out the solutionyourself The solution was discussed in

class Hint If youknow how to tile a 2 x2 chessboardwith
a square removed can you use that knowledge to tile a



2 x2 chessboard with a square removed

Sometimes induction is not strong enough

Example Define an Az Az by the recursive relations
a 3 92 5 A 3
an Zan i an 2 n 3 92 5

Let us compute as 94 as 93 7
as Zaz a an 9

2157 3 as 11

7
an 293 Az Patternsuggest that

2177 5 An ant 1
9

Ag 294 Az
2 a 7
11

What is a oo Chances are it is 211007 1 201

Clavin an Intl
will induction work
The statement is certainly true for n
Suppose it is true for n k ie suppose we know

Ap 2kt l

for some k 22 we know it for k 1 2 byinspection
aka Zak ah

2 anti Ar I
4kt 2 a c what do we do

with this



We are stuck So the principle of induction in the
form we have given it does not quite help here

What if we assumed that fer k 2 thestatement
is true n k AND for n k 1

Let us do that We have already seen that
am 4kt2 Ak l

Since the statement is assumed true for n k I also the
above

ginka 4h2 21k i t
4kt2 2k 1

2kt 3
2 Rtl t l

Which means

Skt Sky Spy

Since the statement is true for n 182 by it
is true for n 3 None the statement is true for m2
and n 3 So it must be true for n 4 Continuing this

way we see that Su is true for all ne in
We clearly need to strengthen our principle

of induction in light of the above example
The Strong PrincipleofMathematical Induction

Let Si Sa be a sequence of statements such that
Base care S is true
and for all KEIN
Inductive step For all KEN Spy is the whenever
Si Sa Ss Sk are true Then Su is true for all ne IN

usual induction



Example Let

4255 4 1
255

For the record d is the golden ratio and and 4 are
the roots of N n 1 Show that

Fn Oh Yu
T O y

i ne IN

Fibonacci numbers
Fn Fn it Fn 2 F 1 Fat

Proof we will have to use the strongprinciple in this care
too try using the usual version of induction you will
fail
The base care is clear

Basecase S is clearly true The left side is F which
equals I and the right side is II whichalsoequals 1
What about n 2 Note Fat 1 On the other hand

02 42
a y

cd E.iq
4 4
1
255

l
255

I

Fz
So Sz is also true

Inductionstep Suppose the formula holds for n 12,3 ok for
some k 2 ie Si Sk are true for some k 2 Then

Fry Fret Fry we are using R 2 here

Ak Xk
y

T d
k y k I

y



or Hp yr it y
d y

Or A2 4kt Y siggaydgndYd u n 1 0

4kt y Rt
d 4

This means Sky is also tune
a e d


