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Chapter3Induction

Recursion

Example Define n for WEIN by
1 L
n n n n fern 1

Recursivedefinition

Example Define F Fa Fz the Fibonaccinumbers by
F I I I
F Fn it Fn z fer n 2

Recursive defer

F Fa Fy Fy Fg Fg Fg Fg
1 I 2 3 5 8 13 21

Example The relation
Oe Ken

I Ii C

we proved in Lecture is a recurrence relation
The equations

no 1 i 1 i Ii E
determine I for all n and of Ken

I
T T n l

I 2 I n 2 PASCAL'S

g g g g g
I 3 3 I n 3 TRIANGLE

n 4

I 5 10 10 5 I n 5



Example Catalan numbers The relation
To I
Tat É Tr Tu k

is a recurrence relation
NO T It ThTo k To To 1

n 1 Tz É TheTi k To T T T To 1 1 2

n 2 Tz If ThTak To Tat T T t TaTo 2 1 2 5

Seenoteon Quercuson
diagonal fatticepaths

Lattice paths help solvethe problem Let us use diagonal paths

for no particular reason except for variation Recallthat diagonal
lattice paths composed of moves which are either northeast
moves corresponding to vertical moves in the usual latticepaths
and south east moves compounding to horizontal moves in the
usual lattice patter One can move back and forth between
diagonal and usual lattice pathsbyusing the transformations

I i s t Y Pg diagonal t usual

i i s ft f i casual to diagonal

It is easy to see that points of the mom in
usual paths correspond to points of the form 2m o

in diagonalpatters and vice versa
Catalan or Dykepaths in the diagonalworld are defined to be

pattie from10,0 to 2n o which never dipbelow the x axis
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Diagonal path I s Usual latticepath

let 121,07 be the first time after 10,07 that a Catalan path
hits the x axis This means that from 11,1 to 21 1,1 our Catalan
path lies above the line yet the green horizontal line
This is essentially a Catalan path from Co o to 21 2,0
Shift the origin to 11,1 Here then Thepath

from 21,07 to 2n o is essentially a Catalan path
from 10,07 to 2n 21,1

o o o cat 1 a

35 an
g

I an axis

FIGURE ACatalanfora Dyck pathfrom10,0 to 12h0 The

first time it hits thex axis after10,07 is at 21,07

It follows that for helen the number of
Catalan paths from 10,0 to 2n 0 which hit the
x axis for the first time Cal o after 10,07 is
is Cr Cn e where Ci It



We therefore have

a II Ce Cn e
Setting k l l in the above to that e kit and
OE Ren 1 weget

Cut II Ck Cn r i
and hence

cut IE Cn Cn p Co 2

Thus the Catalan numbers Cn It 2d satisfy our original
recurrence relation

Tutt If The Tu k To L

Since It has a unique solution we have proved the
the only solution of X is

Tu Y n 0

This gives us a recursive definof Catalan numbers
namely the set of numbers CoCaCa Cn satisfying
the rermince relation

Cut Ens CrCn p 6 1 n 70

Remark If we specify our initial values of our variables
in over reemence relation then we have unique solutions
to our rewrence relation

Example Courider a box of size 2xn In howmanyways
can you tile this boxwith 2

1 dominoes

Y 2 1 dominoes
c n s



Solution Let Du be this number There are two cases

wehave Dut possibilities for
the rest

is n t s

we have Da z possibilitiesfor
the rest

D I Only one way to tile whenn

12 2 Only twowaysto tile when n 2

Thus

Dn Dn n t Dn 2
Di 1 Da 2

n 32
Ftl Fut Fn
I I I 2

n 1

So Du Fate since Da and Fut satisfy the same
recursive definition

Example In how
many ways

can you triangulate a regular
polygon with m sides Cm 33

Forsimplicity let me nt2 Then not o

Let Gu ofways totriangulate
an Gtz gon

To get a feeling for the problem let us compute a few
of the Gu's



G I

62 2

63 5

Lain

Let the verticesof our cut2 gon be labelled n
1,2 ntl nt Fix ke 1,2 ontly Thevertices
Int 2 and k form a triangle in thepic the
one with the redborder From the picture ftpgr
this gives us twootherpolygons a k gon

iand an Gt3 k gon
We therefore have the relation

Gu II Gr zGnat k
p o

P R Z i.e k p z
Gp Gn i p



In other words

Guti 2 o Gp Gn p

Go 1 G L

This is the same recursive relation as the one that the
Catalan numbers satisfy and so

Gu Cn in Y


