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2 6 The Binomial Theorem

Theorem Let ME IN Then
eat y É i night my ER

RM
fix i write Gay as Inty Inty fay n faith

exty he inty nay Etty forty ay

Colour i of the factors blue and the remaining n i red
Pick se's from the blue footers and y's from the red In
the expansion of the right side this choice yields x y
There are I such choices and so the ofnight in
the expansion is hi Since i varies from o ti n

we see that
exty Ej ni night

Corollary 2 Ig Y

Proof Set n yet in the binomial theorem above to

get the answer
The above is an algebraic proof Here is a combinatorial

proof Consider the set of all binary stringsof length n

There are 2h of them Fix i e 0,1 n The number

ofbinary strings of length n which have i I's in them
is hi Summing over i we see that Zito hi is the total
number of binary strings of length a The result follows y



2 7 Multinomialcoefficients
Let x be a set with 16 element In how many

ways can we pick three subsets one of size 8 a second

a second of size 3 and of course the last ofsize5
I 2 3 4 5 6 7 8 a 10 11 12 B 14 is 16
out o ooo ooo ooo or o ooo ooo ooo ooo ooo ooo o

i i 2 3 2 4 2 5 3 6 7 4 5 3 8

Here is how one could do it Pick a subset of size 8
There are 8 ways of doing this Havingpicked such
a subset from the remaining elements pick a subset
of size 5 There are f ways of doing this Exactly
3 elements remaining giving us the third subset

The number of ways of doing this is clearly
8 E 16

5 3

16

8 8 8 5 3

Notations Suppose he IN ki R E Ino with Kitkat Kren
The number

a in per
is called a multinomial coefficient

and is devoted I p Note that if Kitken
Multinomial

r hr
n

coefficient
then

1,2 yk Ra Rr
This can cause confusi

Theorem Let me IN and ki ka kr E Ino be such
that n Kitkat t kn The numberof ways of
splitting a set of size n into an ordered list of r
disjoint subsets An Az Ar s t Aik Ri is

n
ki ka kr ki ki ku



Proof The strategy is the same as before
From the set X pick a subset A of size ki There
are k ways of doing this
From the remaining n k elements pick a subsetof
size ka There are EI ways of doing this
After picking A and Az fromthe remaining n ki ka
elements pick a subset As of size ks There are

n
Ish ways of doing

Continue in this manner until you have subsets Ai Ai Ar
with lait ki i b er The number of ways of
doing this is

k E
h
Isra

n ki ka kn
Kr

R In ri t ki
g g p no

X R ra RrD
ka In ki ka

k k
kr 0

ki ki kr

Example hit o e k e n t Give a combinatorial proofof

In Eh I E rt t t

Proof Let ie Rtl n Pick a subset of size K
from Ci i 1,2 i i There are E ways of
doing this Say B n Nk is picked from is sit
Let A an Mr U i Then A is a subsetof size Rtl
in Cn To go the other way if A is a subset of size Kt
in Eu then set i equal to the longest element in A

Clearly Rtt si e n Let B A fits Then B is



a set of size k in Ci i 1,2 i i It follows
that for each i E kit in we have it subsets

of Eu of size htt with i the largest element in the
set Thus

E Em Y


