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Conditional Probability
Definition Let S P be a probability space and let B be an

event for which PCB 0 Then for any event ACS we

define the probabilityof A given B devoted PCA B as
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Example A bit string of length four is generated at random
so that each of the 16 bit strings of length four is equally
likely What is the probability that it contains at least two
consecutive O's given that its bit is a 0
Solution

The samplespace Sis
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It is clear that I Oocdest e d e 0,13 4
Thus IAABI 4 1 5

This means

P AIB Pl 1B 5,1g 5g 1

Example what is the probability a family with two children
has two boys given that they have at least one boySolution
The sample space S can be written as

S GG GB BG BB

Let E BB and F GB BG BB
We have been asked to compute PCELF

PCE IF PGEIF 4344 4

The Monty Hall Three Door Puzzle
The following problem seemingly involves conditional

probability but in actual fact doesn't
Suppose you are a gameshone contestant You have a

chance to win a largeprize You are asked to select one of
three doors to open the large prize is behind one of the
doors and the other two doors have nothing behind them
Theprize is yours if you finally choose the door whichhas
the prize behind it Thegame is played as follows Onceyou
choose a door the game show host opens one of the two other
doors and this is a losingdoor ie one ofthe doors
behind which there is nothing Then he offers you a
chance to switch your choice What is a better strategy
switching doors or not switching doors

SOLUTION ONNEXT PAGE



Solution This is not really a conditional probabilityproblem
though it is seemingly so

The probability that you picked a door behind which
there is nothing is 213

If you picked a losing door then on switching
you will get the prize so the probability of winning
if you switch is 213

The only way you can win if you don'tswitch is if you picked the winning door The
probability of that is 13

Thus it is better to switch I

Nene probability spaces from old
Let S P be a probability space and

f S T

a function from S to another finite set T
Define

p t s to D

by the rule
P D P f D A DCT

It is then easy to see that Pt is a probability
measure on T and hence T P is a probability space

One can do something very similar whenT is not finite In that care we know that FCS
is finite Let T be any finite subset of T
containing f S e.g take T f s Then f
can be regarded as a map from S to T and hence
as above we can construct a probability space CT P

with P D PCf DD t subsets D of T



Random Variables
Let CSP be a probability space A random variable

Con S P is a function
X S R

From our discussion above if S is any finite set
containing X S Px PCS 50,13 the map
Px D P X CD for all subsets D of S then
S Px is also a probabilityspace The nice thing is

that none S is a subset of the real line

The Expectationof a randomvariable
Let SP be a probability Let

S Si Sa Su
and let

pi Pcs.IT tiiti fpitbisi7
Let

X S s R
be a random variable The expectationofX denoted ECN

E X p XIs p X sa t putIsu
Theintuition is Suppose the experiment that produces the outcomesin

S according to the probability laneP is repeated N times where N is
a large number Since the probability that Si is the outcome is pi
the proportionof Si occurring in the N experiments is approximately
Pi and hence

Thenumberoftimes si occurs in the Nexperiment I pi N
Suppose the outcome of the jth experiment is F ES Then

XCr t X Irn T N IE PiXtsi why
This implies that the mean ofthe x ti i t n is

X 5 jt X1rn I pi XIs E x


