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Non homogeneous linear recurrence relations

Ecample Consider the recurrence relation

Antz 5 ant t b an n ne Ino

If I a 22 52 6 then the above equ is the same
as the equation

of A f F
where

ya n ne Mo
There are many solutions to this equation but let us

find one An intelligent guess for a solution is gp where

gp n an tp n E Ino
B being constant to bedetermined to that of A gp F
The subscript p in gp will be explained shortly

We want g A gp to equal F i e we want
A2 5A 6 gp F

None

AZgp n Gp Intz

Lentz T B
Ln t 224 B

5Agp in 5gp ntl

5 2 nti 5B
52 n 52 5 B

6gp in Gan t 6ps
Thus

1A gpIn x 524 6 n 22 B 52 58 6pl
22W 32 2ps



This means A A gp F if and only if
22h 324 2B n n E Ino

In other words by equating coefficients
22 1 and 32 28 0

This yields
2 12 P 3

So gp n In t 3,2 ne Ino

Thus we have found one solution a particularsolution
This explains the subscript p in gpThe homogeneous equation

of A f 0
is called the associated homogeneousequation
Suppose g is any solution of the assoc homog equ

Then ICAg 0 Hence if
g g gpthen

E IAg 91A g gp

OIA g t 91Agp
O t F

F

It follows that g g gp is a solution of the
original recurrence equation of A f F

Conversely suppose g is a solve of Alf F
Set g g gp to that g g gp
claim g is a solution of the assoc homog equ
Pf of claim I A g of A g gp OfA g GAgp F F O

aed ferclaim



We krone that g x n 52 6 can be fathered as
I In In 3 be 2 and hence the general solution
of the associated homogeneous equation Alf O is

ga n c 2 t d3 ne Ino
where c d are arbitrary complex constantsLom our discussion above the general solution
to

Antz Sant t b an n ne IN
is g gutgp ie

g in c 2 t d 3 t int Z

where c d e I are arbitrary constants
End ofexample

The argument given in the example for showing
that every solution is of the form gutgp where
ga is the general edition of the homogeneous part and
gp is a particularsolution is not specific to the
example We expand on this below

General and particular solutions
hit of n be a polynomial F No se a

fruition Consider the recurrence relation
I A f F

The equation
g A f o

is called the associated homogeneous equation The
argument given in the example works without change to
give that if gp is a specific solution of the equ
then all other solutions are of the form



g gu gp

where gene is a solution of ie of the associated
homogeneous equation Thus if gu is the general
solution of4 1 then the general solve of is gutgp
More examples
In examples 2,3 and4 belone we assume gin 22 5nt6
We will solve

g A f F

for specific F Ino Q in there example In the
example above F n n ne no

2 Ffl 7 NE No

Try gp n 2 7 ne Ino

AgpInt gpLutz 2.7 2 492.7
5Agp n Sgpinti 52 7 1 352.7 ne Ino

Ggpin 62.7
Thus

I IAIgp n 492 352 627.7
202.7

for me No
Suice Fln 7 202.74 74 the Ino

2 120
Thurs gpen 7

The general solve is

gon td3t 7 nein

homogeneouspart
9h

with c d being arbitrary complex constants



3 F n
y 7 ne Ino

Tory poly Adeg1

Spent

Iggy
nein

Agp n gp nt 2 Lentz p 72
49 an 22 pl 7

5Agplal Sgpinti 5 dentistp Tnt
35 ant Np 7

GgpIn fan 6p 7
Thus
A gp n 492 352 62 n t 982 49p 352 358 68 7

202 n 632 208 7
20 1 and 632 208 0

2 to and p Ef
Gp n for 6300 70 ne Ino

and gail solve is

gin cant d3h Eon 63g on nemo
where c d arbitrary complex constants

4 F n n 24 ne Ino
The first thoughtmight be to try gpin Can'tButt 27

ne No This will not work became 2 2 is already a
solution of the associated homogeneous equation

Instead one tries

gpent n Can't putt 2 ne Ino
This will work Details are left to you



5 In this example we take
ofCal N 27 22 4N 4

and give the form of gp for the equ
I A f F

where
F n m3 2 n E INO

The m3 factor asks us to look for gp of the form
gpink and put rate 2h but this will not work We

have to account for the fact that 2 is a root of the
characteristic polynomial of multiplicity 2 The comet

form of gp is

gpcut an't put onto 2 ne no
multiplicityofthe rootofthecharacteristicpoly

One has to solve for a p r and d using the
equation s

gp utz Sgp nti bgp n n 24 ne no

The details are left to you
The following theorem gives the general

technique for finding gp for equations of the
form

g A f F
where I Got is a polynomial and F is of the form

Ffl and and t t ed int ed d ne IN

where co e Cd d are complex constants If a is
a root of Cal then its multiplicity as a root

plays a role in the form of gp that we choose
Here is the complete statement



Theorem Let ofca be a polynomial and let
F No I be the function

F n and t and t ted int ed ah ne Ino
where a Ci i o d are complex constants with
co and a non zero

Consider the recurrence relation
of A f F Q

Ca If a is NI a root of the characteristic polynomial
then we can find a particular solution

gp of the form
gp n and and t ad in 2d d ne Ino

where do hi 2d EQ
b of d is a root of the characteristic polynomial O
say ofmultiplicity

m then we can find a

particular solution gp of the form
gpen nm and 2nd t ad in tdd ah ne Ino

Remarks
1 The constants do 2 2d are worked out from
the relation

of Al gp n and and t ted in ed d ne IN

2 For those who have seen some abstractalgebra the

qf if 4 G H is a group homomorphism K the kernel

of d then for he G C H p th is the cosetkg ofK
where g is any element which mapsto h underd In
our care G H V Q d A h F g gp K S thespaceof



Recurrencerelationsandgeneratingfunctions

Example Consider the recurrence relation

anti Ee Akan R N E Mo

with initial condition
Ao 1

Recall that the number Cn of Catalan paths satisfies
this recurrence as well as the initial condition See
Lecture 5 especially the section on Catalan paths In
Lecture3 using the clever idea of reflections we showed
that the number of Catalan paths in It Y look up
the tail end of Lecture3

We none solve this using generating functions
Let

girl Eganx

be the generating fruition for Canino
We have

Ant If Aran r he No

Multiplying both sides with sent and summing we get

Is anti n It Éoaran r x

ie

gem a n II É aran a a

n gin
by the formula for the product ofpower series Since
an the above can be re written as



agent g n 1 0
This gives

gin
I I an

22

Using L hoptal's rule we see that

fig t
the F l and lying

t an I 12x

Checkthese

Since glo a I it follows that

gin Ign
None from Newton's binomial theorem we have

4 an II k Tn

It EI I at 4mn

Moreover we showed in Lecture16 see Corollary on page3

of the notes for that lecture that

E In EI Ii nor

Thus
it an It 21 in EI II C in 4 sin

1 It 2 II n

2233 I nm rosette



Thus
I an 1 2n É I I x

Substitute this in the formulagin 1 Fan 2K Get

gin IT I n

Thus
an I t we no

exactly as before


