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Recurrence Chapter9

Example Let g No A be a function and c a non zero complex
number Consider the recurrence relation

anti can g en we No
It is clear that if one knowsdo then an fer n I can be
determined For example a cant g o az cantget ele

Suppose gG 0 t ne No Then it is easy to
see that an'tAo ch ne Ino Indeed if no this is
a tautology Suppose it is time for some ne Ino Then
ant can e Cao en gorent

Equations of the form anti can O ne into are

called linear homogeneous equations

The advancement operator A sequence ofcomplexnumbers anting canbe
regarded as a fruition f No se namely the function
f n an for ne Ino We can definethe advancementoperator
A V V where V is the set of functions of the form
f No A by the rule Af No A is the function

Af n f anti
In this notation Arf is the function Arf Cul flat k
for all k E No In particular AO is the identity on V

In these terms the relation anti can 0 becomes

CA e f o and the solution is flat den ne no
where de G is a constant d ao

The followingexample is at the next level ofcomplication

Example tonsider the recurrence relation
Antz 5 ant t Gan O n E No

If we know an for two successive n's says ap and



apt then we know the next an namely aptz since

aptz 5apt Gap It follows that one knows aptk for
k 70 by repeatedly using the recurrence relation above
In particular if we know ao and a then we know
all the an ne Ino
As before identifying Cann with f IN A given
by fin an the above relation can be rewritten as

CAZ 5A 6 f 0

i e as

A 3 A 2 f 0
Note that if g and g are solutions of A2 5A 6 f 0

then for a be a a g t bg is also a solution for
A2 5A 6 Cag Ago a A2 5 At 6 g t b A25A 6 ga

0

Suppose g is a solution of
AL 2 f O

and h a solution of
A 3 f 0

Then
CAZ 5 At 6 g A 3 IA 2 g LA 3 107 0

and
A2 5A 6 h A 2 A 3 h A 2 107 0

This means gand h are solutionsof the original recurrence
equation anti Sant t Gan 0 Further we know that

gin p 2 ne IN
and

her q3 NEM

for some complex numbers p and q Thus
an p 2 t q 3 ne Ino

is a solution of our recurrence relation From our above
observations this is a solution for every value of pandq in E

None suppose that we also had initial conditions



An 2 a B
Then as we justargued these initial conditions completely

determine the solution to the recurrence relation Note that

if p2 of3 is our solution then

pt q 2 and apt3g P
This means

p 32 B and q p 22

Thus 32 p 27 B 22 3 is the uniquesolution to
our recurrence relation with initial conditions and at B

In particular every solution of the recurrence

relation
Antz Sant t 6 0

is of the form
an p 2 t q 3h ne No

Ecample None consider the example
Antz 2 rant t man O n E IN

where r EA is a constant with rt 0 For f INo Q let

Af No G
begettingtoggle

can rewrite the above as

lie A 912f 0

One solution we can get from this computation is
an pri ne Ino

where p is an arbitrary complex constant If the initial
conditions are as 1 and a 39 then an pri neInodoes
not satisfy these initial conditions for any pea for them
p 1 and pr 3h i.e p 1 andp 3 which is not possible

Consider f No A givenby
flu n r he No

Then
fentz 29flute a flu
na sht 2h nti ant t ee n or



ant Gtz 2 ntl tn 0

This gives us a second solution It follows that

gal peut quoi ne Ino
is a solution of antz Znant tr an O

for every choice of p g E Q If we add initial conditions
Are 2 a B

then we wish to choose p g EA s t

geo L and g 2 P
Can we find such p and q None p and q must

satisfy
p and per qr P

ie p 2 and of P L
Thus every solution can be written in the form

pen quoi ne Ino
and if the initial conditions are a 2 at B then
the solution is

an an t B E n kn ne No

As we argued earlier this is the uniquesolutionof
the recurrence relationwhich satisfies 90 2 and a P

Remark More generally with r as above and me in

and g gun the functions gigs ni r the
recurrence relation

A e f O

has g gun as solutions and every solution is of the
form pig t Pag t pmgun where p Pm are arbitrary
complex numbers In other words every solution looks like

p r pen rn part rn t pmnm r ne Ino
We will not prove this but here are the main steps in

the argument Suppose an do a L am dm are the



initial conditions for our recurrence relation

Ig t ambank 0 ne Ino

This is the same as A e f o Then
the equations
Ej1 it ripj Ijn it rips Li i o m t 00 1heel

form a system of m lineal equations in the m unknowns

Pi pm It can be re written as

let
with aj i it ni i i is im j l m with00 1 Oneshows

we won't that the coefficient matrin is invertible and have the

system has a unique solution for pi pm 1

The general theory
Let he er er C E Q with co 0 and Cp 0 Let

g No 0 be a function A recurrence relation

of the form

coantre t c Ant r i t t Ck ant tCr an g ne IN A

is called a linear recurrence relation

If we krone k successive valuesof the an say
ah anti art k i then clearly one can work out arak
from the above equation since co 0 and in fact art n

for all no k In particular if we know are ai ak i
then we know an for all ne Ino

Anotherway of phrasing what we just said is
The linear recurrence relation
coautre t c an tr i t ez antk z t tch Ant t Chan gen
together with the initial conditions on do at his are 2k
Ko ah Ed fixed has a unique solution



Remark The set V of maps f No A is a valor space
of infinite dimension The advancementoperator A V SV is
a linear map and therefore so is any polynomial of the
foam doAk t 2Ak t t are At 2k di E G 2 0 I ok

The recurrence relation x above can be rewritten as

a Arte Ak t are At g f g
Let I be the polynomial

oftie I Éo Cr int
Then H for xx can be written as

I A f g

The homogenous case Suppose 9 0 in Al and hence in
and HH Then G is called a homogenous recurrence

relation The equation then is

E A f O H
Recall that we have assumed that co and er are nonzero
Let S be the subset of V which satisfy the above

homogeneous recurrence relation Since of A V V is
a linear operator therefore S is a linear subspaceofV
being the null space of the linear operator A

We claim S is k dimensional In fact we have
a map

y s Clk
given by

Tg geo gal get D
This is clearly linear Conversely suppose

120 2k E d
Let g be the unique solution of our recurrence

relation with initial conditions as do a L ar r ar i
Then Tg 120 2k Since g is unique given
120 Lk D E Rk therefore T is bijective Thus



S e at
It follows that S is a k dimensional vector space We

record this as a lemma

Lemma The spaceof solutions S is a k dimensional
linear subspace ofV

The task them is to find k linearly independent
solutions of the recurrence relation with a er non zero

Iif Cr i anti 0 ne No
We will illustrate the method via an example But first
some terminology The polynomial
offat conk tank t t ch n tch

is called the characteristic polynomial of the recurrence

relation I it Ck i an i 0

Example Let us solve
ant f 16ants 105 ant4 362Antz 692Antz 696ant t288ant O hen
The characteristicpolynomial is

re NG1625 10524 36223 692 2 6962 288
Cn 4 Cn372 N 213

From an earlier remark we know that g n 4 is a
solution of A 4 f 0 ga n 3 g n n3 ofCA377 0

and ga n 2 gs n n 2h go n n 2 of A 2737 0
It then follows that g ga ga ga g g are solutions of

EA f 0

Let S be the solution space ofthe above Weknow S is
six dimensional It turnsout that g g are linearlyindependent
and hence a generalsolution is of the form p g t t P go ie

An p G't p 3 t p n3 t p 2 t p r2 part2h ne Ino
is thegeneralsolution where p PaPs PaPsp Ed arearbitraryconstants



Let us now return to the generalquestion Wewish to
find k linearly independent solutions of the recurrence

relation
It Cr i anti 0 ne No

Let a be a root of the polynomial IN Ziv Crist
Suppose the multiplicity of a is m Then there is a

polynomial I of degree k m such that
g n Itn R Dm

Let g gm be the funtions on Ino givenby
gj f n't an ne no

We remarked that A amgj 0 for j lo m

It follows that

I A gj 4 A A N gj 0 j l m

More generally suppose da da dd are the distinct
roots of offal with di havemultiplicity mi it i d
Then the following is true

Theorem In the above situation with coand en nonzero
a function g No E is a solution of the homogeneous
recurrence relation

coautre t c entry t t Cr ant t Cran O ne Ino
if and only if g can be written uniquely as a linear
combination of the functions gig No E j l mi
i l d where

gig n n't di ne Ino j l me it od
In other words there exist constants pig EG such

that

g Id Iii pijgig



Remark We will not provide a proof this but thestrategy is
clear One has to show that the gig are solutions of our
homogeneous recurrence relation and that they are linearly
independent Sincethere are k ofthemthey will necessarily form
a basis of the k dimensional space S To show that the
gig are in S is easy we did some special cases of this
It is linear independence that is a little more difficult We
are not going to explore that in class but it may be
interesting for you to find a proof for yourself

Here is a special care when one can show that

gig j l mi i s d are linearly independent Suppose
mi I t ie is d Then d k and the k solutions
in our list are g gk gi In din ne No Support

P G Paget Raga O

for some scalars pi Pre Q This means

dip t d f p t t df Pp 0 ne Ino
In particular restricting ourselves to n O kt we

get the matrix equation

I n a a n t p
d dz u a o d k Pz
E E a o o dap up 0

at at a o u a f Pr

The coefficient matrix on the left is the Vander Monde
matrin Its determinant is well known to be

D
ily di dj

Since the Xi's are distinct D is non zero and hence



the coefficient matrix above is invertible Thus

P P P 0

i e g s g are linearly independent and hence form a

basis of the k dimensional vector space S


