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Newton's binomial theorem
We are going to define binomial coefficients

E
for SER and ne Ino

First observe that for m ne No with man the

formula Pan m em n for the number of permutations
of length n in Eun gives us
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Formula i is obvious and for ai observe that
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Next we extend P to a function
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by insisting that notethis in IN
andnot No1 PCs O I V SERand

2 PCs ni s Pls 1 n n t se IR and t neN
Since the second variable will eventually hit zero by

repeatedly applying2 using 1 the above defines PA n

for all se R and n E No
The binomial coeff I is then definedby the

formula
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Lemma Let s e R Then
ca i I m

G I I I ne no

Proof Part Ca is obvious from the identity
PCs n S PLS 1 n D WE IN SEIR

and our definition of binomial coefficients
For Cb it is enough to prove that

Pls ntl s m Pls n ne No S E R
For n 0 both sides of the above equal s and hence
the assertion is true

Suppose the relation asserted in It holds

for some ne IN and all SER Then
PCs n 127 Pls 1 ntl

S Cs I n Pls 1 n byinductionhypothesis
s nti PCSntl

i.e holds for net and all s ER g e d

Theorem Newton's binomial Theorem
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We won't be proving Newton's theorem

Lemma É GI I ne no

Proof By induction on n When no 0 both sides equal 1 and
this establishes the base case

Suppose Y GI Y for some ne Ino

Then we have the following chain of equalities
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This isimportant
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Let us calculate some generating functions using our results



Theorem The generating function for the number of lattice
paths from 10,0 to n n for ne No is

ofusingdiagonallattice patter then10,0to 2n oIan
Proof By Newton's binomial theorem
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as required g e d

We will skip Sertion 8.5 on thevery interesting topicof
the partition of integers and visit the topic later if there
is time Do read thefascinatingtopicbyyourself in the meanwhile
if youhave time

8 6 Exponential generatingfunctions
The exponentialgeneratingfunction of a sequenceCanino

is
EG É W

These are very usefulwhen the problem involves arrangements
and not just selections We will see examplesof this later
in this section The rule of thumb is that if strings
are involved then one uses E Gts Eat exponential

generating function otherwise one uses usual generating
functions Sometimes problems are a minture ofthe two
situations or are of one form disguised as the other



Examples
I Let Cann o be the sequence givenby an l ne Ino
Its EGF

ME
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2 en IT Gn É 2 n Therefore

em is the EGF for the number ofbinarystrings
of length n Recall that binary string is a 0 if string
and looks like 1 0,0 s 10,111,0

e is the EGF of 0,123strings

É is the EGE of 0,1 n if strings
Multiplication of ELF

hit
An EI ann an

Ben É ti n

Then
Ain Ben EE Ija ai

IT at Ign aitjn

Est Is 1 ai bn i am

So AG BCN is the EGF for
en EI Y ar bn k



Example Suppose itj m where i je No Let ne Ino Every
o is m i string of length n can be broken up into
a Osl i if string and i it's m if string

Given a 0,1 i i stringoflength k and a

i its m if oflength n k howmany ways can we put
them together so that we have a 0,1 m if string oflength n

The trick is to pick k spots in a lengthor string to put
the 0,1 i if string in which we have been told has

length k and use the remaining n k spotsof the length n

string to put the i it m g string oflength n k In the

picturebelow the pink dots represent the spotswhere we put the
entries of the length k 0 s i ngstring and the blue dots
represent the spots where we put the entriesof the length n k
i it's m lg string Theorder in the substrings isrespected

i it m i stringplaced in bluespots
v v v v u v v u v u r v

a a a a a o o o a o a o

n n n n n n n n n n

0,1 2 i i string placed in pinkspots

Since there are Y possibilities for puttingover o is ni i

string and k can beanynumber from 6 to m 1

ofmyth k
8J thingsofm strings É Ai strings
qength n k k

j string So s j i string

So the EGF for City strings is the product ofthe
Eats for i strings and j strings

In other words



eli j a ein et
a formula we know well

Example what is the number ofternarystrings of length w

in which the number ofzeros is ever
Solution
Do the problemseparately for strings which haveonly O's inthem

stringswhichhave only 1 s and strings which onlyhave 2 s

emptystring 00 0000

The EGF ofternarystrings consisting of only O's and with
an even number of O's is

t E It t

I E E E t I E E E E
I en Iz e

n

I If a ternarystring of length n consists of only 1 then
it has an even numberof 0 s Moreover there is only
one ternary string oflength in which consists of only 2s

The EGF of ternarystrings consistingofonly 1 s and
with an even number of O's ex

E Using the same reasoning as above we get
The EGF of ternarystrings consistingofonly 2s and
with an even number of O's ex

Therefore the required exponential generating function



for our problem is

enter en en I eater
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Answer
371

Example How many ternary strings oflength n have
at least one o and at least one 2
Solution

The idea is to find generating functions for the substrings
Consisting of only O's ofonly 1s and of only2 s and then
multiplying them

For O's when n o we cannot have a string which
has a 0 For all other n we have exactly one possibility
and hence the corresponding sequence of possibilities is
O I I l which gives an ELF of ex 1

In exactly the same reason the ELF fort's is ex 1
The EGF for the substringsconsistingofonly 2 s is er

Therefore the EGF for our problem is
EG ex 1 Z en

fear Zen ti eh
em Zeta ten
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The answer is 3 2m t l
We can check if the above answer is rightbyusing the



inclusion exclusionprinciple Let X be the setofternarystrings
of length n Let A be the subsetof X consisting ofstrings with
no O's and As the subset ofstrings with no 1 s

Clearly IA Az 2 and IA RAz 1 Also

hey Ai X 3h

Thus by the inclusion exclusion formula we get
X CAVAD SEED's des Ai

hey Ai Ai Ai t A RAz

3h 2 2 t 1
3 2Mt t 1

exactly as before

Answer 3 2 t 1


