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The Inclusion Exclusionformula
Suppose A and B are finite sets

B
A

AMB

It is clear that
LAUBI LAITIBI LARBI

Indeed IAI t IBI counts the elements in ARB twice and
to compensate one needsto subtract LARBI

None suppose C is another finite set Then

IAUB v e I AUB Ucl
IAUBI let I AUB nel by
alt IBI IAABI t let I AUB n c

againby0
None AUB NC Anc U Bre Putting it together we get

I AUB nel Icanc U Bae
la nel 1Bnel IANBoel againby

Substituting the above in the relation AUBUcl lait IBI IAMBI t let
AUB nel we get
1 AUBUCI Alt IBI t let IAdBl lane l IBnel t Ian Brel

It is not hard to see using the above formulas that

if D is yet another finite set
1AUBUCUDI IA it IBlt Celt IDI LARBI And LANDI

L l Bret IBMDl tenDl
I anBhel I AnBADI IAn enDI I BACMD
IA ABA CADl



To see the above write AUBUCUD AUBOC UD apply
and using the relation AUBOC AD CANDOBAD U end

The general result is

Theorem I E formulaversion I Let Al Az An be finite
sets Then

I A v U An IT CD't Ég cn findAish
n Air

Observation If nel the formulasays tail tail which is a
tautology If n 2 the formula IAVAL Alt Art IA na
which is really If n 3 the formula is IANALUAst lait
Ault last 1AMAal IA AAst 1A RAS LAIRAZRA I which is
Check that if n 4 you get formula

Here is a reformulation of I E version I

Version I of I E formula Let Ai An be finite sets
Then
IAU uan Iga G Ig Aj

It is clear that the two versions are equivalent

The following is the most useful reformulation of the I E

formula

Version III of the I E formula Let X be a finite set
and Ai An subsets of X Then

I X CA u uan SEE
CD's IfesAj

what does
g I Aj mean



The convention is that

j Aj X

Proofof equivalenceof version I and II

Version I Version II

IX IA o U An I XI A V UAn

x Egan CD's I fesAj l

Hit Egeen CD's IfesAj
None

x A Ajjed
Hance we get

Ix CAN U An Zen G s
I fesAj

as required
Version II Version II
None A V U An X X A b U An
so

I A V UAn 1 1 X A V UAu I

Nt If Aj ageof
s

IfesAj I

IN IN t Ige CD's IfesAjI

I Ice D's I JesAj
I

descend
4 I JesAj



Proof of the I E formula
Since all versions are equivalent it is enough to prove one

version Let us prove version III
The care where n t is obvious and in font we

observed this see Observation after version I
We will prove version II by induction on n

Suppose n I and we know the theorem for any
4 B o U Ba with Y a finite set Bu BersubsetsofY
and I e r n

Since A V VAn A O U An 1 U An we have
X CAN U An IX IAN U AnDU An I

1 1 IA v UAn it I Ault A V Van 1 AAul
At

Bi Ai nan i to n t

Then Bi But are subsets of An and the
above formula can be re written as

IX A b Van X A b UAni An Biv UBni

Since I E Vernon III is valid for n t fold unions

by our indention hypothesis we get
Ix Ao uan Ez G T

IA Ail if Bil
None for TE En i

I Bi I Aidan

if Ai a An

A Ai
ieTUEn

So we get



I x IA o uan
Egg

G I I Ail Egg
c i's In Ajjes
a s TUN

TECn i

Ig CD's IdesAil

as required a e d


