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Planar graphs
Definition A graph is planar if it has a drawingof the planeD
without any edges crossing they are allowed tomeet at a
common vertex A planardrawing as a planar representation of a
graph is such a drawingof the graph

Examples

l Clearly planar

2 Thisgraph isusually
Wh mm hmm her

food
Thismeans

it is planar See it has4verticesand an
edgebetweenanytwo
distinct edges

Another representationof the same

graph It is clear it is planar

3 Consider thegraph G one of whose representations is

E

o
e f g h

we can find a hamiltonian cycle in G namely
r Ca f c h d g b e



t oh

é g a

Nent drove the edge fb as below
t oh

é g d

The edge fb is often called a chord ofthe cycle If
you wish to draw the edges ah and ed so that they don't
cross any of the edges in the drawing above you have no choice
but the following

t oh

é g d

This forces us to draw cg in the following way to
keep edges from crossing

see rent page



t d

é g d

This shows that G is planar somethingnot obvious from the
original drawing of G

The above is oftencalled the circlechordmethod Wemay say
more later in the course

Below is anotherrepresentationof the same graphas a planargraph
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a 2 Breaksupthe

plane int si seé g d
regions

Take away Planar representations are not unique
The above planardrawing breaks up the plane R into a

number of region sin actually Note that the region labelled

is not enclosed by edges It is called the unbounded region or

the unboundedface of the planardrawing



Notations andterminology
Suppose G W E is a planargraph Represent it on the plane
without any edges crossing Theremay be more than one

representation as we just saw The planar graph's edges
break up the plane into disjoint regions with the edges
forming the boundaries of each region In the picture above
we have sin regions The regions are sometimes called
faces of the graph Let

f of faces in planar drawing of G
All facts except one are enclosedby edges The onethat is

not enclosed is called the unbounded face of the planardrawing
of G and the remaining are called the bounded

braces of
this planar drawing

shadedregion
unboundedcomponent

Let
be of bounded faces

Then clearly
f btl

It may seem that f will depend upon theparticulardrawing
of G as a planargraph However in the last example note that
f 6 in both planar representations of G In fact if G is
connected f 24 IE l IV1 a famous result of Euler and
hence is independent of the planar representation of G

Euler's theorem is alsoimportant in topology It is a way
saying that the Euler characteristic of a sphere is 2 Read
this up in a topology book if youhavetime It is not needed in



this course
Theorem Euler Let G N E be a connected planar graph
with m edges and n vertices Every planardrawing of G has
f faces where f satisfies

n mtf 2

Proof We fix a planardrawingofG and let f bethenumberoffaces
Weprove the result by induction on m If m 0 then n t since
G is converted It is clear in this case that f l Since
I 0 1 2 the base care is verified

Suppose none that G has m edges where mel and
that Euler's formula is true for allgraphs with m t or fewer
edges
Case L G has a bonded fare E In this case F has a

cycle r in its boundary Let e be an edge in r Form the graph
G V E where V V and E E e Then G is converted

Let n N'I m E l and f the numberof fares in G
Since m m 1 the induction hypothesisapplies and hence

n m t f 1 2
Note that since V V therefore n n Aho m m 1 Also

note that f fi enthuseonly It
2 translates to

Thus
n mtf L

as requires

F
it

Cycle whose
edgesarepartofthe Thenumberof
boundaryofFNotethat faces is oneless
is nottheentireboundary if e is removedin thiscase

Care2 G has no bounded face This means f 1 If everywatershas
two or more edges incident on it then G has a cycle which means
it has a bounded face Therefore G has a vertex r with exactly
one edge incident on it Call this edge e Consider the graph



G U E
where V V r and E E Ee Then G is converted and has
no bounded faces hit n IV I m IE't and f the numberoffours
of the planar drawing of G Since G has no bounded faces f L
Also n n 1 and m m t Since m em our induction hypothesis

appliesand so n m't f 2 Since f f 1 this gives
n n m 1 tf 2 ie n mtf 2 as required y

o A graph with 10 bounded faces
It must have at least one water

o
o ofdegree 1

Remark If G is s t digIr 2 forevery o EV then we can

form a cycle as follows Start with a vertex n ni Pick Nz
adjacent to 21 Since degna 72 we have Rz adjacent to Nz
with as Ri Next we can find ne adjacent to 23 with 24422
Either na ki in which case we stop or we pick a neighbour 25
of Ny different from us The process terminates whenever
we revisit a vertex already visited Since G is finite the
processhas to terminate Thus G must have a cycle

In otherwords if G has no cycles then there is a

vertexof degree 1 In particular if G has a planar drawingwith
no bounded faces then G must have vertex which has only
one edge incident on it
The degreeof a face
Let E be a face of a planar drawing of a planar

graph G V E Set

deg F ofedges on the boundary of F
The convention is that if an both sidesof an edge e bound F



then e is counted twice The reason for the convention is that
as you goaround the boundary of F you trace e twice as in

the following picture

aX o Ifedgecountedtwice
dig F 5 where

F unboundedface

The number deg F is called the degreeofF

Example Consider the graph below

B Y
It has exactly two faces a bounded one B and an

unbounded one U Clearly
deg B 3

dig u 9
Note that deg Bt degU 12 2 LEI

Theorem hit G N E be a planar graph R i Rf thedistinctfaces
of a planar drawing of G Then

II deg Ri 2 IE l

Proof This is clear since everyedge is counted twice when
adding the degreesof the faces 4

Remark Note the similarity with the statement

offdegIv 2 El

If we wish to emphasizethe roleofG we will write dega R instead



ofdegR

Anecessarycondition for a graphtobeplanar
Suppore G N E is planar Let Ri Rtbe its distinctfaces in

a planar drawingof G and mi degRi Let me let n Nl
Suppose n 3 Then it is clear that each Ri including the
unbounded face has degree at least 3 for bounded faces
this is obvious It follows that

2m It Mi 7 Ez 3 3f
Assume G is connected

By Euler's formula we have
f m n t 2

The inequality 2m33 f we just proved gives
2m 7 3 m nt 2 3m 3 t 6

ie

3m 6 7 M

This gives us the following theorem

Theorem Let G N E be a connected planargraph with
no IVI m IE l If n2,3 then 3n 6 em

Definition A graphG V E is complete if anytwo distinct
vertices are adjacent

Note It is obvious that if G V E and H W F are complete

graphs with NI IWI then G andH are isomorphic The completegraph
with vertices 1,2 in is devoted kn ie kn In i j i jets i j
see also problem1 ofthe Problemsworththinkingabout section in
the plans for week6 If G N E is complete and n NI then
G is isomorphic to kn kn is clearlyconnected o 1,2 in is
a hamiltoniancycle in kn Thusevery complete graph is connected
and hamiltonian



Here is a drawing on the completegraphKs
1

5 as 2

4 3
Ks

Corollary Ks is not planar
Proof

We have n 5 m 10 and hence 3m 6 9 C 10 me 1

Theorem Every planar graphhas a vertex ofdegree 5 or less
Proof

without loss ofgenerality we may assume our graph is
connected Let G u E be a converted planargraph and set
n NI m IE l Suppose deg v 5 for every ve V This
means degIv E f r e V Hence

2m Eydeg in 7 If 6 6 N Gu
Thus

m 3m
It follows that

m s m 6 7 3n 6
which by the previoustheorem is impossible 11
Remark The above is a necessary condition for a graphto be

planar not a sufficient condition Indeed everyvertex in Kshasdegree4
but as we saw above Ks is not planar



Graphcolouring A colouring of a graph is the assignmentof
a colour to each vertex of the graph sothat no two adjacentvertices
have the same colour

A graph can be coloured by assigning a differentcolour to each

of its vertices However for mostgraphs a colouring can be found that
uses fewer colours than that What is the least numberof colours
necessary
Definition The chromaticnumberof a graph is the leastnumberof

colours needed for a colouringofthis graph
Notation X G chromaticnumberofgraph G

Theorem The Four ColourTheorem If G is planar thenX G E 4

The theorem was conjectured in the 1850s It was an open
problem for over 120 years when it was finallyprovenby Appel
and Haken in 1976 Theproofinvolved examing approximately 2000
possible counterexamples and eliminating them via an analysis carried
out by a computer It used up over 1000 hoursof computer time
Needless to say we won't be giving a proof Whilethere have been
improvements on the original proof in terms ofthenumberofgraphs
tobe checked etc there is none that is not computerbased

Let me IN We say that graph G is n colourable if n X G
Thus the Four Colour Theorem says that every planar graph is
4 colourable Since we are not going to prove that as a

consolation we offer this

Theorem Every planar graph is 5 colourable
Proof
Let G V E be a planargraph Let ne IVI We will prove

the theoremby induction on n If ne 5 the theorem is clear



Suppose n 5 Assume the theorem is true foranyplanar
graph with fewer than n vertices We know from an earlier
result that since G is planar G has a vertex o of degree less than
or equal to 5

Let it be the graph obtained from Gbyremoving
the vertex u as well as all edges in G incident on v By
our induction hypothesis H is 5 colourable and so colour
it with five or fewer colours

If degg v 4 then at most four colourshavebeen
used by the notices adjacent t v in the colouringofH and
so we can colour v by one of the colours not usedup

Suppose degg v 5 hit a b c d e bethe vertices

adjacent to v If only four colours have been whencolouringH
for these fivevertices once again we can assign a colourto v
so that G is 5 coloured

The onlydifficult case is when a b c de havebeenassigned
five different colourssay as below ie a is colouredred bpurple
e green dblue and e brown Colour v black temporarily

g yo

het Hra be the subgraph of H whore
e a vertices are either red or green In other

words HRG is obtained from H byremovingd
all vertices coloured purple blue or brown

i and all edges incident on suchvertices
None consider the connected component H of Hrg containing a
If H does not contain c then switch the two colours in H's so
that the new colour of the red vertices in H is green and the
new colourof thegreenvertices in H is red Since H is a connected

component of HRG HRG remains 2 coloured in this new scheme
and H remains 5 coloured in this new scheme However nowboth a
and c are green andhence we can colour it red

Wecoulddothis because c was not in H What if e is a vertex
in H In this case we have a path from a to c in H Candhence



in H which consistsof red and green vertices alternating with each
other

is
mm mm

I red andgreenverticesalternate

Let t be the cycle obtainedby adding the edge ra to the

front of this path and co to the end
There are two possibilities Either b is inside r and

d is outside r or b is outside t and d is inside The
situations are symmetric and so we will assume b is inside r

and d is outside as in the picture
Consideranypath e in G from b to d Since r encloses

b I must meet o at some vertex Since no vertex in r is either

purple or blue this means e cannot consist of onlypurpleandblue
vertices This means that if Hers is the subgraphof H consisting
of the purpleand blue vertices in H then the connected
component of Apps containing b does not contain d Let H be
this connected component Switch the two colours in H blues

to purples andpurples toblues Then H remains 5 coloured

None both b and d are blue This means that if we colour
u purple then we have colouring of G with 5 colours as
required y


