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Notation Let n be a vertexof a graph G Then NCA Nate will
denote the set vertices in G adjacent tose In otherwords NC
is the set of neighbours of n in G N a is called the
neighbourhood of n in G

Theorem Dirac's theorem Let G U E be a connectedgraph
with n vertices such that n 3 If the degree ofeveryvertex
in G is at least n z then G is hamiltonian

Whet t x na er be a path in G of maximal
length This means if 2 is another path in G their

length z s length r r 1

Let X bethe set ofvertices in the paths ie X an ur Since r is of
maximal length NCR CX and NMa CX as we will see in a moment Note
that since 24N In this means NCR C Na per and N na C a ar i

Let us now prove that Noe and Nar are subsetsofX Suppose
WE Nex If u X then

e Cuni Mr
is path in G of lengthstrictly greater than the length of r andthis
is not possible Thus weX ie Nin C X Similarly if WE Ncar
and a X then Chi er u is a path longer than T

which is not possible So we X i e near C X

Next we claim that V X To see this suppose
F U E V s t U X

None Ntr C Rz Rr
Let S Rj E XI Njt ENKI

Then 151 INGill Moreover Rr S by definition of S
We claim Sh NCu 0 Supper Sh Nca d Then
S Nin and na are three disjoint subsets ofV Hence
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This is not possible Hence Sh nCa 0
Let Rj E SA NCu Suice KjES by definitionof S

Njt is adjacent to ki Since Nj ENCal nj is adjacent
to u
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Consider the path
e Ca Nj Nj 1 22 hi Rjti Ujtz Hr

III an
Cstarting at a o on

u

The path e is clearly longerthan r giving a contradiction Thus
X a ar

Neat we modify t so that so that the modified path is
a hamiltonian cycle

As we observed NCR C sea ur Similarly
Near C ni ar i we are using the fat that se is not
adjacent to itself and ur is not adjacent to itself

As before let S nj E X Njt E NKD We claim
Sn near 0

The argument is a repeatofwhat we had Note that ur 4S
and Rr 4 Nar Suppose Sa NCar d Then

n IVI e I SU NCarl U ur 151 INfar I t 1
I tht I ntl

which is a contradiction



Thus we have an element Rj E Sh Nar By
definition of S Rgt is adjacent to x and since Kj E Ner
Nj is adjacent to ser
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i
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ÉO adjacent

Create a new path
e ta na uj Rr Rr c Nr z s i Njtz Njti

fr Thepath e starting
at n andending

i
is an edge

at Ryti Noteagain
as Rz x

Since njt is adjacentto x in G E is a cycle In fat it is
a hamiltonians cycle since it visits everyvertex see i l r

and we proved earlier that V X a ms
This proves Dirac's theorem 1


