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Reminder All graphs unless otherwisestated are assumed to be

finite

Recall that a graph is called eulerian ofeither it hasonly one
vertex or it has a circuit which traverseseveryedge exactly
once We had started the proofof Euler's theorem namely
Agraph is eulerian if andonly if it is connectedand the degreeof
everyvertex is even

Wehad proved one direction namely if a graph is
eulerian then it is connected and every vertex has even degree

Before we begin the proofof the converse we need a
definition

Definition Let G Cu E be a graph A trail in G is a

walk China m such that the edges in the
trail ie ni niti i l in i are distinct

Definition Let G be a graph A vertex u ofG is said to be
instated if no edgeof G is incident on it
Note A vertex u is instated if and only if deg r b

Remark It is easy to see that if o Cha na anti is a
trail with anti n then n 3 and r is a circuit Conversely
clearly a circuit 5 14 anti is bydefinition a trail

Building trails
Suppose u is a vertex in graph G with deg r 0

Then one can build a maximal trail starting at u as follows
Set v r Pick an edge e vaz an incident on 2

There is such an edge because deg v 0 If e is the only edge



incident to R stop If not pick ez 2223 such that eaten
Look at the edges incident to 23 If there is anywhich is
different from ez say 324 pick it and set ez 2,24
Suppose we have picked edges
e Nina ez 2223 ez 2324 Oi Ni kit

such that no edge equals any ofthe other edges Look atall the edges incident to Kit If there are none different

from er er ee stop If there is an edge e nitty
different from en ez ei then set Ritz y and est hit Nitz
Since G is finite the process has to stop and we have
a trail u

r Cali Nz Rn

such that all the edges incident to me are one of the
en ez en i where ej RjRyti j l n t In other
words vertices neighbouring an are a subset of 2,22 kn i

One cannotexpand the trail since edges in trails are distinct
Note In the above trail if an K then the degree

of an is odd for the incoming edgeen i aninn has no matching

outgoing edge The trail o may visit an on earlier occasions
but when that happens say hi Hn for some 2s i s n 2 then the
ee i ne hi kitten can bepaired with ei ni kit Muniti

We have therefore proven the following lemma

Lemma Let G V E be a graph such that every vertexof
G has even degree If we V has positivedegree then there
is a circuit in G which begins and ends at r
Proof

hit ni nm be a maximal trail as constructed

above with xp O Since deg rm is even by the Note above
Rm must equal x From the Remarkabove r is a circuit set
n m t if you wish so that m ntl



More notations If G N E is a graph and rev we sometimes

write deg v instead of deg r for the degreeof v in G
This has advantage that if W F is a subgraph ofG
and we W CV then we can distinguish between the degree
of w in H and its degree in G Clearly

deg w s dega w

Euler's Theorem

We restate the theorem

Theorem A graph G V E is eulerian if and only if it
is connected and the degree of everyvertex in G is an

even number
Proof The care where Nfl is trivial and so we will assume
from now on that wt 1

Wehave already shown in the last lecture that if G
is eulerian them G is connected and the degree ofevery vertex
in G is a positive even number

Conversely suppose G is connected and degair is a

positive even number for every ve V According to the Lemma
above there is a circuit in G Let k be the largest
possible lengthof a circuit in G Since G is finite k
makes sense Let

6 R K2 Arti
be a circuit of length k and ei nikita i b ok
Note that Rrt Ki

Let W F be the subgraph of G givenby
W V and F E en ez eh

In other words H is obtained from G by removing all the
edges of o from G the vertices are retained though

None H need not be connected We claim that
each of the vertices on R2 xp of H is isolated in H In



other words we claim that
note degfaggot deg ni o i b ok

First note that deg co is an even number for every vet
Indeed if v4 us ink then deg r degger and hence
deg er is even in font positive and even If on the
other hand v ni for some it b ok then the number

of edges from the collection e ez en incident on ni
is even because every incoming edge is matched by
an outgoingedge Since

deg ai deg ni ofedges in fee eh incident to ni
it follows that deg v deg Mi is even

We haveto shore deg ni O Suppose not By the
Lemma there is a circuit o in H starting and ending
at ni Putting together r and o we get a circuit in Gof
length strictly larger than k This contradicts the definite

of k as the largest length of a circuit in G Thins our

claim Ex is true
Next we claim that the edges er er are all the

edges in G ie E er er er If we prove this we would
have shown that G is eulerian Suppose there is an edge
e yz in a such that et en for any ie Is k Then
e is an edge in H It follows that deg Y 0 alsodeg 12140
From it followsthat y 21 na xp SinceG is connected there
is a path

O Lyn Yr
from y to 2 Cy y and yr n It follows that there
is some je 2,3 r such that yj

E a xp
but Yj 4 us xp j is the first time that the

path O hits the set a s xp Theedge yj Yj is in H
since Yj 4 m up This means degalyj 31 which contradicts

since yj E Rio 12k 11



Hamilton graphs

Definition Let G VE be a graph G is said to be hamiltonian if
there exists a walk r senses rn

1 everyvertexof G appears exactly once in T

2 Run E E

Such a o is called a hamiltoniancycle or a hamiltonian circuit

Basic observations Suppose o Car R2 an anti is a

Hamilton circuit in a graph G The following are easy toverify
1 If v is a vertex in G ofdegree 2 then boththe edges

incident on u must be part of T ie T traversesbothedges
2 T is necessarily a cycle
3 r has no proper subcircuit ie T has no subcircuit which

is not t itself
4 If u is a vertex in o and e f ane edges in a incident

on v then none ofthe other edges of G incident on v occurs in r

Examples non existenceof hamitonian cycle
l a o o b Thegraph displayed on the left doesnot

have a Hamiltonian circuit as the following

argument shows
d o o e The degree 2 vertices are a b d ande

If the graphhas a hamiltonian cycle o

by the first observation above the edges are ad be be do and
ee are all part of t By thefourth observation only two edges
incident on c can occur in T However ac be de and ee
all occur in T This is a contradiction Note that observations 2 and
3 are also violated giving other proofs that a hamiltonian circuit
does not exist

2 In the graph below suppose we had a hamiltonian
circuit r There are only two vertices in the graph which



a have degree 2 namely a and g Your
b a c our first observation all edges incident on

d a and g are in t In particular
e eg and ig are both traversedby r Next

f a g oh since ig is traversedby t by the fourth
observation exactly one of ij or ik is traversed

j
o op by T Suppose ij is the edge traversed by r

Then ik cannot be traversedby T Let us

delete ik see picture below In the new graph k has degree
a two and o continues to be a hamiltonian

circuit in the none graph It follows that rb o

g
o

must traverse both jk and kh by the first
e of our observations

f a g oh Next consider thevertexj The edges ij and jk
are traversedby T By our fourthobservation fj

j
o op cannot be traversedby r Let us delete it We

none have the picture below In this new

picture f has degree 2 and so t must a

traverse bf and ef b a

g
o c

None considervertex e We have

seenthat eg and te lie on t lie r e
traverses these two edges This means that f g o n

ed and eh are not traversed by r
and so let us delete them see

j
o op

picture below
a

In the new graph d and h havedegree 2b o o c

and so bd ed ch and kh must lie out
e None bf and bel are traversedby t which

f g oh means bat ab cannotbetraversed by r by our
our fourthobservation

j ok



Thereandnotthere a

On the other hand deg a 2 and no by our b o c

first observation ab has to be traversedby r
So we have a contradiction the edgeab is e

on o and it is not on o at the same time f o g oh

Wearrived at this contradictionbyassuming that
the edge ij is on r candhence ik is not By j

o p
symmetry if we hadinsteadassumed ik was
on r and not if we would have again arrived at a contradiction
Thus no hamiltonian circuit exists on our graph

Examples
I o o o o o o

a a

Hamitonian but Deletetheedgegivenbythedotted line
not eulerian Twovertices

circuitMM b

a

oh 0h Wh d th

2 Eulerian but not hamiltonian

e o c Thisvertexhasto be visited at least twice

by any circuit going through all vertices
c o od

Suppose the graph above has a hamiltonian cycle Call it r

Since degcan deg b deg c degId 2 the edges
ab cd ae be ce and de

must all be traversedby r This means four edges in r namely
ae be ce and de are incident to e This violates the fourth
observation above Hence the graph is not hamiltonian



3 ThePetersen graph
Thegraphbelow is called the Petersengraph

a

f
e

go g
tb

i or a L

d
o o c

Some obvious properties
1 It has 10 vertices and 15 edges
2 Everyvertex has degree3
3 It is connected

4 It has no cyclesoflength 3 or 4 All cycles are of
length 5 or more

Lom these observations it is not hard to see that the Petersen
graph is not hamiltonian An elementary proof involves a case by
case elimination and may be posted as a separate note later


