
 Supplementarynote

Diagonallattice paths in the plane
Definition A diagonallatticepath in the plane is a curve made

up of line segments that eithergo from a point i j to
the point litt jail or from a point i j to thepoint it j 17

On theleft is a typical diagonallatticepath
Ateach step movingfrom left to right

up É ft4ity
litb.jt the x coordinate increasesby one The

cityy sitsj I coordinate either increases by one or
decreases by one

Another definition equivalent to the one above is A diagonallattice path in
the plane is a sequence of pairs of integers

such titter iii 4 52 atte
Ca pit pitt and ofit q t t ca north east novel
b pit Pitt and g it q i l a southeast more

Piqi possibilities for Pet gin Red is thenortheast move

and blue is the southeast move

Diagonal lattice paths and usual lattice paths are closely
linked There is a one to one correspondence between them
Suppose mono mini mrna is a usual lattice
path Define Pi qi by the formula

1 1 1 I I it in

Then Po go pre qr is a diagonal lattice path
Conversely if Ipogo Ph q is a diagonal lattice
path them mo no many is a usual lattice
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Let Pogo Pm qu be a diagonal lattice path The

following assertions are easy toverify and the proofs
are left to you If all else fails use the aboveformulas
though simple combinatorial thinking shoulddo the trick
I Pi Poti o e ie k
2 Po i s q e p ti O sick The picture below

may help Poti Goti 1541

are two possibilities ThisPi fi
is analogous to the fat

g g

the purpleandthe greenpay

pathsstarting that in usual latticePogo at Pogo lie in path mono mln nilthisconical
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3 Let the initial point pogo be the origin and the
terminal point the last point be cmon ie

Cogo 10,0 Pm Gm m n

From 2 we know that me Important
Let

u numberof north east moves
d number of south east moves

Then
ut d m u d n

and so u mf d m
2



4 Let me Ino and n an integer sit me ne m

Then the number of diagonal latticepathsfrom 10,03to mid
is

i GI
5 Let me Ino If n does not satisfy the condition

that me n em then there are no diagonal lattice
paths from 10,0 ti mu This is obvious from 3 above

6 If potof is even then all pit q are even and

if Poto is odd then all pitq are odd


