
 

Sq 8 Quid
Throughout X M is a measurable space All measures are on

M
Defi Let µ and v be measures

Ca v is said to be My continuous with respect toµ if
for every EE M s t µ E O we have V E O

b µ is said to be concentrated in a set C in M if
µ E µLEn c for every EE M Equivalently µ E D

for every E disjoint from C
c µ and u are mutuallycingula written out0 if
there exist disjointsets A and B in M with µ
concentrated on A and V concentrated on B

Exaeples If f o is measurable then VCE fee fdu
defines a measure V smh that u am On the otherhand

if r E R then the Dirac measure on 112 oh and the Lebesgue
measure me on 112 are mutually singular

Problems and solutions start on the next page



Problems

l Let V m d be measures Shone that

Cas v t d and ut d v µ Id

b VI d and m c d Vtm
Es v ter and v µ V o

Solution
a Suppose Au resp Am and Bv resp By are disjoint
measurable sets smh that 8 resp m is concentrated

in An cusp An and d is concentrated in Bv as well

as in Bm Let A Anu Au and B BuA Bu Clearly
AnD mtv is concentrated in A and D in B Indeed

if C n A then CAAm CAAv 0 and henceneo VCC O

fer CE Me Hence Mtv is concentrated in A

If E EM then EAB En Bu ABu whence

d EMB d EnBon d E Thus d is concentrated in B

Since A and B are disjoint men t d
b Let A and B be disjoint measurable sets smh that
v is concentrated in A and D in B and AAB D Since

µ a d by definition µ is concentrated in B for µCc 0

for every C EM disjoint from B indeed dcc o Thusmtu
C Suppose A B are disjoint nible sets with v concentrated

in A and M in B Suh CA B exist since u 1µ SuieeMIA O

and V cm it follows that u A 0 Thus u c vCcnAKO
H CEM showing v O K



2 Show that if a measurable function f is smhthat
SEfdn 0 for every E EM then f 0 a e Er

solution

Since fefder exists t E EM FEL Ir Breaking up
f into its real and einaginary parts we may assume f
is real naked For me IN let Eu f In Then

0 few fdm 3 featdu Lumen 0

Thus m a D t n Sui ee f of LEEn it follows
that µ ft o 0 Similarly µ ff co O Thus

n f to O The assertionfollows

finite
3 Suppose µ and V are Treasures with VEM Cie VCEEnce

real
it EEM Supposeg is a measurable function smh that fgtdµN E
and Jeg du are never simultaneously for any E EM
and sink that for every E EM we have
I u E fegdu
Cas shone that 0 E g e l a e Em and hence a e Ev
b FromCa WLOG we may assume that OEgCHEl for all ne X

Let A next gcn of Show that

µ ERA Jetg du H E EM
Solution

ca w g a fgga.ggdm µ g a Since the

left side is finite this means µfg 02 0

Next for NE IN let Eve g 3 It In and



E g Ng Then En CE ne th C IN and KEN E

Thus µ E bin µ Enn

None

V Cen few gdm 3 Ht fender

Ht µ En
Z HL w En fer v enn

It follows that all members in the chainof inequalities
above are zero sincewhen CD Thus µ Eu O whence µLE 0

Similarly
OE v CE ga th Igg y 9dm

E In µ go la

E 0

Thus all tenons in the above chain ofequalitiesand
inequalities are zero In particular µ Eg c I 0
It follows that µ geo O Thus o c get a e Er g

b we have
AC facg du fgg.ggdm O

Let E CMe Since g o ou E n A we have from a HW

exercise see problem9lb of HW5



µ EAA J from Hw exenuri
e na gt

du

Jenatg do t fenactg do sinceVAC 0

f Igdie

Remake The above can alsobe proven as follows Consider
l g Then O E ofE Aho l ol Ciet Holt 1014

An AC 0 1 whence 1 I 0 on AC An A OEd CI

and hence I Qu in memes to XA as n On the
other hand It d 1 4 t 0 g Holt 01h Thus

fell dont dµ Je g CHde 104 dm fee year toutdu
The last equality follows from the Theorem on pagesofLectureGb
ie frompage3 ofthe secondpartofLecture4
None It 01 04 Q increases to Ig with the

understanding that in this case both sides are on AC

This fee l htt dµ JzXAdy ulAME as n

On the other hand
SE Holt tou do fetg do as u

Thus µ lane JE tg du

However the simplest way of seeing this is

the following



Iopontion Suppose hi x Eo 7 is measurable Let

B next o hen a Then
I he X Bh

The proof is left as an exercise for you It is a simple
exercise of the conventions governing products involving
N and O Note that the proofof the Theorem on p 3 of
Lecture 4b resputs these conventions Now consider our g
We have OE gel Hence g a ie g o 0cg co

ie A 0cg a From the Propositionabove we get 1g g XA
From here proving the result is easy Indeed

Igdu q Je1g g
du LeXAdu µ Ena

Usingtheresult
onp3 lute 4b


