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These notes contain a proofof the Hahn Banak theorem

Real funtionals res Complexfunctionals
Suppose V is a vator spare over Q Then it is also

a voter space over 112 Let us understand the relationship
between the two structures on V

Lemire Let X and Y be vatorspares over Q and
T X y

a read linear transformation ie T is linear transformation

from the real vertorspare X to the real vectorspare 4 Then
T is a complex linear transformation if and only if

T in i Tr t REX

Proof
Theonly non trivial matter that needs chuking is

Tcase Tie t LEE REX
So suppose s holds Let 2 at ib a bEIR Then

T xn T ar t T ibn

at se t b T in Guiee T is IR linear
atu t i b Tn since 1 holds
a Tn a e d



Suppore X is a complex nutor spare and
fix e

a linear functional If u Ref and Imf then
u X R and r X 112 are real functionals i e

they are real linear and 112 valued This is obvious

from the definitions Actually one can recover f from
u Corfrom r Here is the statement

Preposition Let X be a renter spare over Q

a If f X Q is a linear functional and u Ref
then

Ct fer u n inline REX
b If u i X R is a real linear functional
and f X Q is defined as in Ct then

f is complex linear and Ref U

c Let be a normed linear space f X e a bounded linear

functional and u X R as in Ca Then

4th HUH

Proof
Ca Let Imf Then for REX

r x t i U x i uCx c i x

if Cn
fCin since f is E linear
celix t i fix



It follows that Cx ulix Since fex ucx tircx

we get fCx UCH incise

b If u X IR is IR linear and f X E is

defined as in I then clearly f is IR linear
By the hammer it is enoughto show fCin ifCx for
REX From I if REX we have

f in Ulin in C n

ulix ice n

i Circus in x

if Cx
This proves b

C Since Iucn I E Ifcx I V REX hence HUH E IHH

Conversely let see and pick a CQ such that Kiel
and a fCn IfCust
Thus IfCN I afca f Can Ukr a Hull 11211 114111111

Thus Ilf11E Hull
This proves Cc q e d

TheHahnBarrackTheorem
to

theorem Lrt 1K be R or Q Let X be a normed linear

space over K M a subspace of X and F M s 1k a bounded

linear functional Then f can be extended to a bonded
linear functional F X Ik smh that 11111 1411
Note By extension we of course mean that FIM f
Historical This is really a real nator space result The



extension to E took a while one of the possible reasons why
Banach confined his book on functionalanalysis to nomerd
linear spaces over R

Prod
We will first assume 1k IR Whoa assume HfH I

If M X there is nothing to prove If not pick ME XM
and let Me be the linear span of M and Exo Note

that any 2 E M can be written unequely as

2 set dm NE M d EIR
For 2ER define

fan M R

by the formula
f rt dm flu 1dL seem dCR

It is clean that fa is linear and film f Wewould
like to pick 2 such that Hfall lift ie hfall L For this

it is enough to prove that
I I thes t da I E H R t droll H NEM TE IR

The above is trivially time for D O and t NEM
So assume d 1 0 Then E is is equivalent to

1 f Eg 21 E HEa noH t NEM d EIR o

This is clearly equivalent to requiringthat in satisfies
IfCa 121 E H n thou t NEM

hit 2 n Then the requirement is that a satisfies

Ct l f z 1211 E HE Zoll H Z EM



None I is equivalent to

HZ Noll E f z 12 E Hz Roll I 2 EM

2 otherwords for tosatisfy is the same as requiringthata satisfy
t f z uz moH E L E f E cHZ Kok b ZEN
The difficulty is in having a satisfy the inequalities simultaneously
for every 2 EM

Let Az f z Hz Noll and Bz f e t 11Z Roll 2 E M

For y 2 E M we have

fly fCz fly Z E H y 2H E Hy noIt t Z Roll
Re arranging the above we get

Ay E Be t y Z EM
Hence yesump Ay E Tuf Bz2EM

Now pick 2 at least one smh a CR exists s t

y Pµ Ay
E 2 E Inf Bz

2 EM

For this 2 Az e Bz t 2EM iie Ct is satisfied

This means It is true for this choiceof a and hence
Afall L

Now let d be the collection ofpains N g Na subepace

of X containingM and g N R a linear functional with Hgh l
and s t gIm f Define a partialorder on S by

Ni g L Nz ga if N C Na and g gz µ
If A is atotally ordered set and Na ga xCA is a chain



in S then it is clean that if N Una and g N 3112

the uniquemap s t.gl ga then CNg is leat wpm
bound for da ga Henceby Zorn's lemma S has a maximal
element MT I If A 4 X pick Zo C X RT and set
MT equal to the linearspan of M and Zo Then by
previous argument 7 a linearfunctional Io MT R smh that

tri f and 11 Ill L This contradicts the maximality of
MTI Hence M X Set F I This proves the Hahn Banach
Theorem for 112 112

If 1k Q then lit u Ref From the Proposition
Hulk 11411 By Hahn Banach fer LK IR U has a IR linear
extension u X IR s t Kirk Hull Now define

F X e

by
F Cr it cus in tin REX

From our earlier Proposition F is complex linear is an

extension of f and
11111 11511 HUH Ht

a e d


