
 
Sep lecture
hit X be locallycompart and Hausdorff A Bmelmeanne µ on X is

called inner reguld if µ E sup mlk KCE k compart for every
EE Bex and it is calledonterreguld if mE if mailECUUopen
for any E CBEX A Borel measure which is bothinner regular
and outer regular is calledtegular X is said tobe Impart
if it is the countable union of compactsets
Throughout X is locally compart and Hausdorff

Theorem Suppose X is r compact M ar alg on X µ a measure on M s t

CM µ satisfy all the properties in theRieszrep'utheorem Then

a Let EE M Grier E O F V F F C ECU Fchred open

smh that µ V F E

b m is a regular Borel measure
c Comin E EM F A B ACE CB A Fr BGor smh that

MCA B 0

Proof
a Let X 7ku with earl Ku compart For each new

unopen
µ Elka is finite and one can find US Enknasurh that

µ Un E NCEAku e
2

Let Yun
V E C Un Un Cena and hence ru E e e

Applying this to E
C we get Wo Ec Wopen s E

m W EC C E

Let F We Then F C E Morwen E F W Ec and



ameer
are

This proves a

b hit Hu it ki ne N Then Hu is compart and HuTX

Let EEM We wish toshowthat µ sup muchKCE Kcomport The non

trivial care is thecare µ E N Fromca we can find a closedsubset FofE
S t MCF D None Hunt is an increasingsequence in M withµHnhF F

It follows that green M O F NEN s t µ Hunt M t n N Since

HnAF is compart for earl n we are done

c Let E EM For me IN pick Vaopen Fn clued Uns ESFu

µ Un Fn c In Let A UFu B n Vu Then A is Fr
and B is Gg For cark n B AC Vn Fu and heure

µ B A Eta tu EIN This proves

Theory Suppore every opensubset of X is r compactand

µ is Bond measure s t µ K c t compart K Thenµ is

regular
Proof

we have a pointe funtions a GCN E givinby
Nf fatdu f CccCX

Recall Ifl C Max HI Xsuppf and hence f lfldµ ImaxHlresuppfka
ByRiesz's rope F a meanness necessarily regular from the

previous result smh that Sxfdµ f fdr Af cCcCX



Let V be open Can find kicks C Cknc Ki compart s G

YKu V siree every open set is r cowpat

By Urysohr A fu kindfudV Let gemaxCfi fu
Then gu CccCX and getXv By MCT we have

new him gudm knifegud r V

Thus µ r on open sets Next let k be compart Then V Kc is open
and hence r compart In particular we can find compart sets

H C Hz C CHu C

smh that Y Hn V If Vn Huc then Un is a

decreasing sequence of opensets smh that I Vn K We can

find for eenh n C IN guCCcCX s t KLgud Vn Set

fu minEg guy Then fu C GCH and findXk as n no

None ffudµ Ifu do ca tu and since fff is
demeaning DCT applies to both sequencesof integrals and we

get J Xxdm J Xkdo ie µ k r K

Thus µ on opensets and compactsets It follows

that TLE MCE for every r compart set E for smh an

E can be written as E UnHn Hu compart HucHutt tu

In particular r F µ F for every cloud set F Colored sets

are r compart for X is r compart Fromhere it is clear
that

µ A r A t E sets A EX

fer Fr sits can be written as tincreaming unions of



countable cloud sets

Let E E B If U s E E open then µ E s µ V r V

whence

m E E r E

since it is outer regular apply int over V to µCE e r V

By the last theorem we have an Fr set A ACE s t r A r E

This yields
r E r A µ A E µ E E r E

n nI I
sinceAis Fr via Ct

Thus µ E r E This means µ TI Bay Since 01ps

is regular by the previous Theorem µ is regular q.e.ee

us Throughout is locallycompartandHausdorff
1 Suppose µ r are inner regular on X andmlk µ K forevery
Compart K Then µ r Recallthatbydefn innerorouterregularityisforBorelmeasures

2 Suppose µ r ane outerregular on X and µ u r U for every open
U Then m r

3 Suppose everyopenset in X is r compartand r u are Borel

measures on X smh that r K MLK D foreverycompactk Then

t p
4 SupposeeveryopensubsetofX is r compart and we have

R C BCX such that

a For every compart K F QC R s t K CQ
b EveryopenV can bewritten as a countable disjoint



union ofmembers of R

H r µ are Bnd measures on X such that

µ Q r Q D HQ E R

then r and m are regular and r µ Wepoint outthat

µ k and k are finite forcompart k byCa and b above

exampled 4 at For a G a ER and820 define

Qca8 Gi 4 8 x Can atdu

Qca8 is called a 8 boxwithcoruera.dk or is clearly Borel

For r C IN let Pr be the set ofpoints in 112 with
coordinates which are integralmultiples of Yzr Let Dr be the
collectionof Er boxes with corners at Pr Then
ca Ar is a partition of R for every r

b If r so 0 and Q Q are boxes with QE Rr Q ERg then

either 9cg or an Q do

c If E is a boundedset in particular if E is compact then

for each r E IN E can be coveredby a finite disjoint union

ofmembers of Rr Indeed we can find a e7L and be IN

s t E C Q ca k Now Qcak is the disjoint union of
CR E n members of Rr

d Let A R URU Theneveryopen set in
112 is a

disjoint union ofmembers ofSL since A is countable

this is a countable disjoint union This is seen as follows
Let V be an openset in IR and u a pointin V Then F E O



such that Bcn e C V Foreach r n lies in enactty one

member of Sr say Qr n Pick r so that ruber E Now if
a bC Qr n then la ble Fer C E whence Qr n CBCn e CV ThusV

V is the union of all membersof A lyingentirely within V
Let Ai be the collectionofthosemembersof R which lie entirely
in V From Az Rz remove these boxes which lie insidesome

box in Ai Fromwhat remains pick all boxes in Az lyingentirely
within V Call this Az From Rs Ry remove those boxes which

die in anyof the boxes in A or Az Fromwhat remains pick all
boxes in Rs lyingentirely in V Call this collection Az Proceeding
this way we have Ai Az Az Aa subsetsof R If A UnAn
then clearly V aelfQ and AC R

Ioposition Let µ r be Borel measures on R smh that

µ Q r Q c D H Q E R

Then u r

Pdf First note that every openset in Rh can be written as the

union of closedballs within it whoseradii are national andwhosecentres
have national coordinates Thuseveryopen sit in IR is r compart

Using 4above and the example above we conclude that F µ
g e d


