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As before X is locallycompart Tz A ccCX 21C a positive

linear functional As usual V'sdenote opens K's compact
If nothing is said about V and K this will be the underlying
assumption We defined

µ PCX co 3
as µ v sup Af f LV for openV and for ECX.by

µLE inf µ v ECU Vopen
We also defined Me EE Pcx m E c andµCE Sup MCKY k CE
M EEP Erk CMp t k
The following properties have been proven I 2 YEN E En En
I ca m K ca b µ k inf Afl KLF II µ V sup Mlk Kev

I If E KEN En painarise disjoint EuEMF tire IN then

µ E Em En and further if mCE co then E CMEtoo
It turns out and we will see this soon M is a

r algebra containing Bex and µ is a measure on M

Assuming this we showed that

Af f f du f CCcCX

Note that I and It shonethat KEMF.tk and VEMp if and

only if mtv ca It turns out as we will see M is

complete w r t µ and MF EE m UCE co



we now move towards proving that M is a r algebra and µ a
measure on it and otherunprovedassertionsmadealone and more

I If E EMF and E 0 there enists an openV and a compact K

smh that KC ECU and µ N K e

spoof's

we can find K and V smh that µ v MLE E
and m E Luck 1 Ez Since V K is open and

µ V K E µ V µ E 1Ez CD thereforeby II V KEMF

By I Kemp Thus by I
µ V µ V K talk

Hence ru k µ V m K

µ E Ez m E Eg
E

g e d

VI A B CMF A B AUB AAB belong to ME
Prof
Choose E O We can find opens U andU2 comparts k andKz

smh that ki CA C Vi Ka CBCUz and µ Vi ki E fer
i 1,2 We have the following chain of inclusions
A B C V Kz C µ ki U K Uz U Uz Ka

None K Vz C A B and K Vz is compart The
above set of inclusions and unions show lure I

µ A B E MIU Ki t µ ki Uz t µ Va Kz



It
c m

compact subset of A B we

see that A B satisfies On the other hand

µCA B E m A coo Hence A B C Mf
Now AUB is the disjoint union of A B and B

and µ AUB EncastulB c by 3 and hence by I
AUB is in Mp since A B and B are

Finally AnB A CA B It follows that AABEMp
g e d

VI M is a r algebra which contains Bad
Prof
Recall Me E I E CX Erk EMF t compact K SinceKEMP

fer k compact by II it follows that XEMF
Let k be an arbitrary compart set in X

If A EM Ach k k Canio and thelatter is in Mp byVI
Suppose An n is a sequence of membersofM and
let A I Am Set Bie Ahk and

Bu AnnK B U UBu D

By induction earh Bu EMF CuseVI The Bu are thus

disjointmembers of Mp where union is Ahk Since

µ Ahk E µ K ca so Ahk CMF by II Thus A EM



Thus M is a r algebra If C is closed then Chk is

compact and hence in ME by I Hence every cloud set is
in M It follows that every open set is in M andhence

M D Ba q e d

VII ME E EM µ E co

Ioof
If E EMp then Erk E Me t compart K since KempbyI

and MF is cloned under pairwise intersationbyVI Thus
EE M and certainly u E am

Conversely suppose E EM and µ E ca Since µ E CN

there exists an open V DE with mu CD Choose e 0

By II we can find a compact subset K ofV smh that
µ U a µ k t E

since µ v co and V is open so by II VEMF KclearlybelongstoME
Thus by II M V K m V Mlk E

None E nk CMF since E EM Hence thereexists a compact
subset H of E n K smh that µ Erk MCH te None

E C V K U nk

whence

µ E E m V K t µ Ent

Et m H t E

µ H ZE

Suiee H C E this shows EE Mp



I µ is a measure on The

Imf
Let E Ez En n be pairwise disjoint members ofM
and E Eu If µ E N then by I mE Emlen
since both sides equal So assume µ E ca Then µ En co

for all ne 1N By UI this means EneMp for every n

By I this means µCE Z rCen g e d

We have therefore proven the followingtheorem

Theorem TheRieszRepresentationTheorem

let X be a locallycompact Hausdorffspace and let be a

positive linear functional on CcCX Thenthereenists a r algebra
M in X which contains all Bordsets in X and thereenists a Ligne
positive measure µ on M which represents A in the sense that

a Af f fdµ for every fCCeCX
and which has the following additional properties

b nude for every compartset k CX
c Forevery E EM we have

µ E inf MCV ECU Vopen
d The relation

µ E sup neck KCE Kcompact

holds for everyopensetE and for every E EM with µ E car
e If EEM ACE and µ E 0 then A EM



Pdf The uniquenessof µ satisfying Ca d is clear from
Problem 1 b Hw 3 Indeed if r is another measure satisfying
Ca d then according to Problem 1 b HW3 mlk HK for all
compactsets k By and d µ E E H E EM Properties

a d have been proven Property e is obvious since such
an A must lie in Mp bydefn ofMp and MFC M q ed

Romanek Notethat e says µ is complete Here are some remarksto help

you integratewhat is above with whatyoumay see in relatedcourses eg

the ProbabilisticMeasure Theory course First note that our µ is defined
on PCX but may not be a measure there It is so on M and
hence on BCX Tor S CX if we define µ G if µLE E s

then bycc oftheTheorem MHS into n U PS Uopen This means

µ µ on PCH ie µ on PCX is the outer measure of µ onM
By le it is clear fromstandard results that the completion
on M n is again M n Oneway to look at this is to

say that CM µ is the completion of CBG Hpu

T sgn
n

If f E a CR then suppf is contained in a closed bonded

box Q Caib x x Eau bn and one can define

Af fg f t ta dt.dz den
where the right side is the Riemannintegral This is well defined
and positive The resulting r alg measure are theLebesgue a alg measure


