
 

Ing20,2011 Lecture

As before X is a locally compart Hausdorffspare n Ceci
a positive linear functioned V'sdenotegunsets K's compart

Try If pointsofeastlake
A function µ PCX EODJ was defined as follows
For opensets Mtv sup nf ft V
For arbitrarysets µ E wit µW ECU

Three important results we proved were

I µ UnEu E µ Eu

I ca m K co FompFn'tFitkin
b Mlk inf Aff k f

E arbitrary

I µ V sup mlk Kev

We also defined ME to be all ECX s t n E e and

µ E sup mlk KC V Ct
It shows that every open satisfies ft So UCMe µUka

Compart k trivially satisfy By Ica Kemp These

are two einportant classesof sets in ME
The set M was defined to be

Me E EC X EnKemp foreverycompact K
It is clear that every compart set is in M Later we

will show the following



C M is a r algebra containing BCD
2 µ is a measure on M

Tn fart more is true M is a complete r algebra
ie if S C E EE M with µ E 0 then SEM and Mp
consists of precisely those sets E in M s t µCE n

In order to prove Nf f fdµ f CCeCX we had observed

that it is enoughto confine ourselves to real valuedf To
show this by replacing f by f we save that it is enough
to show

Nf E f fdµ t f in a which are real valued

f EECX J 1fldµc since µ K c forkcompartandSupp1ft is compactEoff
So let f EACH fCX ER Let k Suppf Since f X is

either fck or fCkUfo it is clear fCD is compact
Let Ea b be a finite interval s t f x C Ea BI

Suppose e 0 is given Puck yo yi ya yu s t

yo s as y ay c c yn b
and

yi yo CE i to gu
Let

Ei f yo i y NK 2 L in
This means you a fCx E Yi NE Ei i I gu



Note that Ei is Borel since f is continuous Moreover

Yi E C fCn NE Ei 5 1 n A

The sets Ei are disjoint and their union is k By defn
of µ there are open sets Ui Ui 3 Ei 5 1 gu S E

µ Vi µ Ei Ez E I gu
and smh that by the continuity of f f in yite
for r E Vi

Novo k C V Uku V Vu and hence we can find
hi h Vi 5 1 u s E hat hat then I on k Since

f n c yite on Vi we have

Lif E ly e hi NE Vi a L n B

The inequalities CA and B are crucial in establishing
Since Suppf K and hit tha I on k we have f II hit
This means in particular that Ks IIhi whence by Ilb

Mlk E EI Ahi Cc

Note that

tatty 0 i l u D

Thus

Af EE n hit
n

E 2 yet e Ahi by Bi

lait yite Nhi lat I Nhia i i



E IE Galtyite Ahi Kluck by
since his vi and

E II lattyite µNi Kluck ffj a site o

E II laltyite Ei 1 lalu k

lalu.AZ Ei t lat II Ea
t 2 gite ul En latexe

lat E t It Cyite MEI E since II mei mlk

late t II Cudi E mei E TZE Fei meine

II yi E µ Ei II Cosi E Ea t lat E
1 2Eµ K ZEFIEz

yi E µCEi ZI Yi E E lat E 124 k 12

E II Yi E µlEi t II b En t Ela't 2enckste

f Yi eXE dm e bt lat t 2inch te

E f f dµ EC bt lat t Zuckste byIAD

since E o is arbitrary 1 7 follows a e d



It remains to prove various properties of M andMp
Recall we have proven I I and I for µ Here are other

properties

II Suppose E Fu where En Ez En are pairwise
disjointmembers of MF Then

µCE If µ Eu
If further µ E N then EEMF
Pdf
Let us first prove that if ki k are disjoint compartsets

then µ k Okc µ ki µ ka Setting V X ka we see

II the c X

such that
K L f L V

Note that f It on K and f I 0 on Kz
Let E 0 be given By II we have g smh that

K UKz g
and Ng MLK Uka t E

None K L gf and Kz L g l f Again by I

µ ki µ ka E A gf A ga f Ng sulk Uka tE
Thus µ ki 1 µ Kz E µ Kit Kz Thus µ ki tm ke _µ K t ka

by I

II is clearly true via I if µ E D So assume



µ E C D Choose E 0 Since Eu CMp for n CIN there
exists for each nE IN a compart subset Hu ofEun
such that

µ En c µ Hu

Set Ku H U Hz U U Ha NE IN Then kn is compart
Moreover since Hu's are pairwise disjoint from whatwe've
proven

µ Ku e µCHD t t µ Hu NE IN

None

µ E Z v Ku II Muti Z Mei E ne 1N

It follows that µ E Z II µ Ei e which means

u E fZ µ Ei since E O was arbitrary We are also

using I
It remains toshowEEMF if µ E car With the above e O and the

aboveHwand kn we have seen that µ Ku Ii µ Ei E ie

Zein µ Ei m Ku E

On theotherhand FNE IN s t µCE ZitiµCEi cc for n 7N Thus
O E u CE m Kw LE It µ Ei 1 ItµlEi m Krs

L 2E

Since Ku is compact it follows that E EMF q e d


