











































































































August28,2018 Lecture 6

Some bits of measure theory will be done in the tutorial

by Naeyeswaran

functionalism hit X be a locally compart
Hausdorffspace and as usual see HW problems ccCX denotes

the space of continuous complex valued functions on X with
compart support

A linear functional
N Gex E

is said to be positive if Af o fer f in GCx smh

that f 70
The standard example of a postie functional on

CcCX arises from measure theory If µ Bad co as

is a measure smh that µ k e for every compart
set K in X then

f f fdµ f E E CX
defines a positive linear fruntioned on Cech Not
that since f C ECX and µ Supp f CD thenfine
Ix Ifldu c This means f E L la whence f fdu is a

well defined complex number
The point of this discussion is to show that the

above class of examples of positive linear functionals














































































































on CeCX are the only examples
Notations V Vi V it will denoteopensubsets of X
K ki ka ite will denote compart subsets of X

Let f E GCX V an opensubset of X k a compact
subset of k We use the following notations

k f means OE f e l and f I on k

f t V means 0 E f e l and Suppf C V
K tf h V means OE f e l f I on k and Suppf CV

dry sohu.eu says that if Kev then F

f E Cccx s t K ft V As usual k comport open
There is another important result namely the

existence of a pontiff unity Suppose K is

compart Vi gun open subits of X and Ke Yu UVu
Then there exist hi r hu C CeCx smh that hi L Vi
i I gu and he t then I on k

Support
A ceca

is a positive functional or X We want to find a

r algebra M D B x and a measure µ M Coso

smh that Nf f fdµ t f E GCX Tomake µ
unique we require a few more properties Ceg MLKcog
µ U Sup µ k f KEV µ E if Mcu EE v etc which














































































































we will enumerate later
Here is how we start the construction of µ from

A Set

µ v sup Nfl f v for V open in X

Note that if V C Ve then rely em Ve In particular

for V open
µ v if µ w VC W w open in X

This being so there is no resulting inconsistency if
for an arbitrary subnet E ofX we set

µCE inf µ v E C V Vopen in X

Once again if A E B it is obvious thatMCA EucB

I If En is a sequence ofsubsetsofX then

MCUE Ea E II men
If Let 4,4 be opensubsetsof X We will first
shone that mcuUva Ency 1mHz To that end let

g ECeCX be s t g h V OVe Let K Suppg
We then have hi E Cecil hi h Vi 2 1,2 smh that

heh 1 he I on k Now g g h and ghi L Vi 5 1,2
Hence we have














































































































Ag Agb Mgh t nghe Eun t µ Vz
Since g was arbitrary amongst funtons s t g V Uh

by definition of non open sets we have
Mw E mail µ Vz Ct

If µ Eiko for any i then theinequality in I is triviallytrue
andso wemayassume µ Eiko I C IN Pick e 0 For each n E IN

there emists an open subset Vn of such that Each and

µ Va E µlEn t

Let V LEVu Let g V and let k Suppg Sui ee

k is compact K C V U uVu for some u whence

g L V u uh It follows that

Ng E ma U UVa
in

c I µNi by li 4
N

E I µ Ei E
i i

In particular by defn of µ v we have

µ V E II µlEn t E

ie ul En E Ef µ En t E

Since E O is arbitrary we are done I

I Let k be compact Then

a µ K ca and
b MLK into Af I KL f














































































































Iof Let f be s t K tf Let o a l Set

b next few a f yo
Then Va is open and K C Va In particular

µ K E µ Va

In order to estimate the right side pick GLVa Then
2g of and hence

ang Akg E Nf
In particular

nuclearCva Sup ngI g Va E 2 Af
Letting a 1 we get

mud c Af H f s t K f G
Since Af c t f et KLF this grines Ca

To prove b suppose E 0 is given We have an open
set V Usk smh that

µ V E µ k t E

By haywhn Ff s t KL f L V Then

Mlk E Af from 2

Mw bydefn ofMCU
E µ K t E

Since E O is arbitrary this grits b g e d

I If V is open then
µ v sup µCk KGV K compact














































































































Imf Pick a sink that da mu Then F f s t f LV
and Nf 2 Let k Suppf For every open set W s t

W K we have f L W whence Af E m w Taking
infimum over W containing K we get Af Erck Thus

µ K 7 Nf 72 and K C V I follows since x was

an arbitrary number less than Mtv q e d

Before proving more about µ here are some definitions

Thesetsmeandth we defineME to be thecollection

of subsets E of X such that µCE c and s t

µCE sup mlk k CE k compart Ct

By II la Kemp for compart sets k smh k trivially
satisfy HD By IT if V is open then VEMp if and
only if Mtv D To summarize

4 K CMF for every compact k
Cii V EMF foreveryopen set U with µw ca

Let

M E EC X and Erk CMF t compart K
It turns out that

C M is a r algebra containing BCD
2 µ is a measure on M

We will prove this later In front more is true M is

complete in the sense that if S C E E EM MCE O




































































































then SE M and necessarilyeels O Moreover one can
shoo that MF EEMI mE EM

N SxHd suppose we believe theabove statements

We would like to prove that

nf f fdµ f EGG
It is enough to prove this for real valued f Our

strategy is to prove that

NfEf fdµHfEGCx7 freal vah

This is enough for the following reason Suppure

f EccCx and is real valued Then f f is also real valued
and hence

NC fl E fl f dm
Suice A and f l 3dm are both linear this guts

At 3 f fdm
which when combined wilt the inequality in the redbox

grins hf f fdµ forall realvalued fin ACX The idea is to approximate

f bysperiticsortsofsimplefunctions In greaterdetail let k Suppf
picke 0 and let Eab be an interval s t Eab 0 f x Torearlec O

pick yoy ynER s t yo ca c y cyz c cyu b with yi yin ee

fer i L u Set Ei f yo i y Ak i I gu Then one shows
s If Gi EKei f and that Aff J sdµ x ECconstant Details
will be given in the next lecture


