
 

Aug23,2018 Lecture 5

Integration of complexFunctionse

As before µ is a positive measure on a measurableSpaceX

Definition L lµ is the set of complex mblefunctions f on X
such that

JxHIda ca

Recall nubility of f nihility of Ifl andhence

Ifl dµ makes sense as an element of Eo 7
Elements of L lm are called Lebesgueintegrable functions

or more often simply as integrablefurtions w r t m They are

also called summable functions

Definition of f ut ir whee u and r ane real mule

functions on X and if f E L fu define

Jefdu fewdm fewdm i fer der ferda
for every noble set E

Since ut u Vt v are real m ble non negative therefore

the four integrals on the right exit Moreover all four
are less than or equal to Ifl and f Ifldir CD Hence

E
all four integrals are finite and no problems occur when

subtracting two of them Thus f f dis E CIE



Remake Sometimes it is useful to define f fdµ when
f is nible and takes values in E D so To do this

we have to assume at least one of f tt da ar f f duE E
is finite If this is so one sets

Je fdm Leftdu Sef der
This is a number in E o D

Them Lfu is a complex rator space and f C 7dm is a complex

linear functional ou L r

Pref we have already seen that if f g are complex in ble then
so is aft pg for every 2 PEQ Suppose f gCL'Gi and a pC Cl
Then

late BglDr E f Kl Ifl 1 INIgt dm

121Lift dirt In f lgldµ c
Thus 2ft pg C L lm whence L ly is a complexvectorspace

In order to prove
Cftgde f fdµt Sxgdu

fer f g in L ful it is enough to prove this when f gone
real naked by definition of a f C dm on complex frutinos in

L H
So assure t g EL ly and are real valued Set

h ft g
Then



htt f eg ft gt h
We have seen that SxC dm resputs addition fer Eo N

valued functions Srinu all the terms occurring on both

sides of the aboverelation one Cop valued we have

fff du ft du f g da fitdu gtdµ ef h der
From here one sees easily that

hder f fdµ t f gdu
as required

It remains to show that

Jgfdr aftdm for a EE f E L H
Recall that

gdu cf gdn
if C E Cop and g 0

From the above it is easy to see from the definitions
that holds for a O Next using relations like Cg

t g and
C g gt and breaking up f C L u as f utir with u r meal
valued that s holds for a ER Finally with f in L H and
air the real and imaginary parts of f we here

f dm Jaydu fautdu t i U du fu du
i butdin fu du ti Sortdu Lydnf

iff den
Thus i holds for a _i It is now clear that holds for
all LEG and all f C L M a e d



Theory Suppose f E L Ier then
I f t dm e f If1dm

Prof
Let f E L fu and 2 f fdµ If E 0 there is nothing

to prove Otherwise set a Elz Then Kk l and iz 121
Let u Re at Then

If fdnt 121 2 z 2f fdµ f afdµ f udm
c f HIdm

Theequality fxfdr fudr followsfromthe fat that fxfdµ is real
in factequal to 121 The last inequality holdsbecause Ifl u 30

a e d

Thionee hedsgne.si ugenceThememor DCT suppose

fu is a sequence of complex nible functions on X s t

thisfalse flu enists for everyNEX If there is a fruition
age L lm s t Hh eg t u E IN then f EL n and the following
hold

kiss f fndm f fdµ a

and
die 1 1fu ft dir O C

Pdf
Since Iful Eg t n it followsthat fee L fer t n
Since 1 In f dnt f Hu fl du clearly impliesA
To prove I apply Faton's Lemma to 2g Hn f l to get



Jpgdm f hiniff 2g Ha ft dm

lyingf f g Hn ft dm

2g e hningif f Hu f Idr

2g lining f Hu f1dm
This implies

hinsup f If u fl dµ E O
n

Thus
0 E biggest f Ifn f Ider e hnin jpf Hn fIdn e 0

Thus

hiniff J Hn tider lineup f Hn ftdir 0

establishing q e d

Abasircustominmearunettory If f andg are functions
such that µ t g 0 then f CLfu gel lm since

fefltt lgllgdrefelf gldn fengg.H.gg91dm f ngfgj
91dm

O t O 0

for all EAM In general we do not distinguish between

such f and g and write f g a e En Care ahmet



everywhere and fand g are said to be equal alunst

everywhere w r t µ If we say f g if f g a e Em
then is clearly an equivalence relation It is custom
not to distinguish between L fu and L fu Technically
what we defined as L lm is NOT L fu L tu technically
is

t l Hide b w

Similarly for LPlµ which we will define later It is

only after quotienting by do LPm become
Banach spares However it is customary to say
that a function f lies in L k or LPcm rather than

its equivalence class We will follows this convention
since it is a harmless imprecision


