
Theory If fu X 0,07 is m ble for me IN and

flat fin CREX
then

fdr IF fu dm

Prof

Let Sif and tu be simple nible fruition
s t O Esa tu and snTf and tu Tfz We

furore smh sequences exist Father we have

shown that fx u itDdm
fxsndrtfxtndm.Suiee0ESitt.ESattz E and Sutter f 1

from the monotone comeyune ltreovern we see that

Ix Hatta dµ f f dnt f dir

By induction if g f fat f n then
N

N
Ix gender I f fndµna

Mone g f and OE g E g E Hence

by the MCT the monotone convergence theorem

f du II J fu dm
as required g e d

Remarked

1 Recall that a sequence an can be regarded as a furthis
on IN If f an is a sequence with anEEO03 n C IN



and µ is the courting measure on CINPCIND then
f fdµ IZ an

2 Theabove theorem translates to a well known theorems
about double series of non negative extendednumbers

namely

Corollary If any70 for i j C IN then

II II any IE IEay

Theorem Fatou's lemma If fu X 220,0 is m ble

fer eats me IN then

hiniff tu du E hunisiff f fndµ
Prof

Tor k C IN define

hit
9k hint fu

g himintofun

Then ga X Co 7 is m ble Moreover
a o e g e g e and g g

as k a

b gp E fu t n k k 1

From b we see that for k al



grader E f fudin t n k

whence f grader E iynf fufudm

The right side is an increasing sequence in k where
limit as k so is by definition hairiff f fudµ
Thus letting b oo and

using the Mct for

grig we

Ttg
gdµ E hgffbfxfndn.ae d

Theone suppose f X Cop is m ble and

I E f fdm EEN
Then I is a measure on Me and

gdel f gfdµ
for every

m ble
g

on X with range 0,03
Pdf
Let Ei Ez Es be a sequence of disjoint

members of M and let E UnEu

Then
N

XE f ZXEjffFrom an earlier theorem ltris means

Kef dm EE f Xejfdu



whence

Se f dm II f jfdµ
This means CE JEF Q Ej
Moreover clearly 4 0 Hence I is a

positive measure on M
Suppose s is a simple nible fruition

on taking values in co o Writingin
s I L i XAir

with L a distinct non negate real numbers
and Ai m ble we see from earlier results that

s def II di el IAI

IE di faitdu

II di J Xaifdm

f zaiXAi f du

f s f der
None suppore g

is as in the statement of the thrown

Pick a sequence of ur the simple functions Su
with O E S E Sze Sn g as a N Then

we have by Met applied more than once



gdef lying f sndef

nhrjzf.snf dm

J gfdµ
The last equality is by the MCT applied to the

sequence surf Note that OE s f e safe
and figs but gf a e d


