
 
8 Lecture

conventions

at a oo t a D if
0 E a E

a a a a
if O a e

0 if a 0

Cheek that if an T a but b air bn O tu then aubin at

This means that sinus and products of meannablefuntinus
into Cops are measurable

Integrationof positivefunctions

Throughout this sation u is a positive measure on

a m ble space CX M

Definition Let s X E0,0 be a m ble simplefruition
write note is excluded

in
s Z Li XAie

where 2 2in are the distinct values of S
Let E E M Define

Se sdu 7 di µ Ain E

theconventionO D D used

FEI agent finafnesthat



If

f X co D is included
is m ble and E E M define

Ie f du supJe s du

the supremum being taken over simplenoble functions
s such that OE s Sf

f is the Integraloff f

Rennard If f X cop is mble and simple we havetwodefinitionsofh
JE fdu the original one with fefder Zai µ Ainen
where f II ai Kai Li in thedistinct rakes of f and
the olefin Je fdm osewspef fesden with s simple The

two definitions coincide because f C s I s suriple OE set

Jm seque
Suppose E A B E M and f g

are nible functions on X

Ing 03 Then the following are immediate

consequences of the definition of FEC der and the
properties of m and M established earlier
Cas f e g IE fdu E Je gdu
b A E B f a fdµ E fB fdm
c e constant o e ca fee f dm cf fdµ



d f le O fEfdµ 0 even
if µCE

µ 7 0 Je fdr 0 even if f le D

f JE fdr f Xefdµ
we emphasize once again

that in Ca e above f g 70

The last result shows that we could have defined
J f du ie integral over all ofX and then defined
SE fdm as f f XEder This is a matter of taste Note
that b follows from Ca and f since f Xa E f Xps

If ME A CMI A E E then ME is a r algebra
on E Since E EM E C ME If

µ MIME

then µE is a positive measure on E ME One
cheeks easily from the definitions that

Jefdu fe ft e due

Imposition Let s t be non negative nible simple functions on
X Tor EE M define

of E JeSdu
Then Cf is a measure on Me Also

Htt dµ f sdµ f tdµ

The above is a provisional form of more generaltheorems



Proof

If E I En U disjoint union with Ei Ehr ie IN

then with s dik Ai where 2 dn are thedistinctvaluesof sn

elCE I Li r Ai NEa

n

IZEE air Air Er

EE E di µ Air Er

Ei Seasdm
a
Z Q Een i

fwither ofClo O whencecf is notidentically Thus4 is a positivemeasure
Next suppore t 7 pi XBi Bi Bm the distinct

values of t Not Bj s Pj j b in
Set
Eij AinBj

Note X is the disjoint union of the Eij
It is straightforward to see that

I
g
set dm Git Pj µCEij

and feijsdm fq.pt
dm 2in Eiji Pj µ Ecj

Since X is the disjoint union of the Eij the assertion follows i e

it dµ Sdn t tda



Theorem Lebesgue's monotone convergence theorem Let
fu be a sequenceof nible futons on X and suppve
that
a OE f n E false E E N H ne X
b false fCn as n t seEX

Then f is m ble and

f fudm ffdµ as n o

Proof
Since f fndµ is a non decreasing seq in

0,207 therefore F x CEO a s E

fudm x as n o

Since f fndµ E f fdµ ht u therefore
de f fdµ

We have to shore a f fdu
Let s be a simple nible fruition such that

OE s Ef
Tin a number C in the interval Q1 su that o e l

Tor ne 1N define
Eu see X fin 7 cs.ca

Then each Eu is in'ble if gn f es then
En gi co a and

E C Ez C C En C En C

and we have



N
X U En

u i
To see there two relations since fu Efm it

follows that fuk Cscw fue Cns 7 scad ie

Eu C Ent Next suppne NEX Since Osce 1

therefore Cscn f Cn Suice fence fCns as

vi o F ne IN smh that film 3 escoe This
means ME Eu for this u and hence UnEu X

We have shown that
E fe es du E EM

is a measure on M since Cs is simple m ble

and non negative It follows that

king few es du f csdµ cfsdµ

Now I finder feu fudu 3 fencsdu
hitting n so we get

a frigg f fudµ 3 CJ dµ Ex

None s holds for every Ce coD and hence
a f sdm

Since s is an arbitrary simple nible fruition
s t

OE se f taking supremuns we get
a f fdr

This proves the result



Theory If fu X 0,07 is m ble for me IN and

flat fin CREX
then

fdr IF fu dm

Prof

Let Sif and tu be simple nible fruition
s t O Esa tu and snTf and tu Tfz We

furore smh sequences exist Father we have

shown that fx u itDdm
fxsndrtfxtndm.Suiee0ESitt.ESattz E and Sutter f 1

from the monotone comeyune ltreovern we see that

Ix Hatta dµ f f dnt f dir

By induction if g f fat f n then
N

N
Ix gender I f fndµna

Mone g f and OE g E g E Hence

by the MCT the monotone convergence theorem

f du II J fu dm
as required g e d

Remarked

1 Recall that a sequence an can be regarded as a furthis
on IN If f an is a sequence with anEEO03 n C IN



and µ is the courting measure on CINPCIND then
f fdµ IZ an

2 Theabove theorem translates to a well known theorems
about double series of non negative extendednumbers

namely

Corollary If any70 for i j C IN then

II II any IE IEay

Theorem Fatou's lemma If fu X 220,0 is m ble

fer eats me IN then

hiniff tu du E hunisiff f fndµ
Prof

Tor k C IN define

hit
9k hint fu

g himintofun

Then ga X Co 7 is m ble Moreover
a o e g e g e and g g

as k a

b gp E fu t n k k 1

From b we see that for k al



grader E f fudin t n k

whence f grader E iynf fufudm

The right side is an increasing sequence in k where
limit as k so is by definition hairiff f fudµ
Thus letting b oo and

using the Mct for

grig we

Ttg
gdµ E hgffbfxfndn.ae d

Theone suppose f X Cop is m ble and

I E f fdm EEN
Then I is a measure on Me and

gdel f gfdµ
for every

m ble
g

on X with range 0,03
Pdf
Let Ei Ez Es be a sequence of disjoint

members of M and let E UnEu

Then
N

XE f ZXEjffFrom an earlier theorem ltris means

Kef dm EE f Xejfdu



whence

Se f dm II f jfdµ
This means CE JEF Q Ej
Moreover clearly 4 0 Hence I is a

positive measure on M
Suppose s is a simple nible fruition

on taking values in co o Writingin
s I L i XAir

with L a distinct non negate real numbers
and Ai m ble we see from earlier results that

s def II di el IAI

IE di faitdu

II di J Xaifdm

f zaiXAi f du

f s f der
None suppore g

is as in the statement of the thrown

Pick a sequence of ur the simple functions Su
with O E S E Sze Sn g as a N Then

we have by Met applied more than once



gdef lying f sndef

nhrjzf.snf dm

J gfdµ
The last equality is by the MCT applied to the

sequence surf Note that OE s f e safe
and figs but gf a e d


