





































August16,2018 Lecture3

Imple functions
Let be a measurable space

Definition A function S X is said to be simple
if its orange sCX is a finite set

Suppose s is semiple and s far an

with Li's distinct Let Ai s di i l in Then
Ai Au are painisjoint ie AinAj 0 if it j
Note that

s Fz diXAu
Comunly any fruition s which can be represented
as above must take only a finite number of values
and is therefore simple

theorem o Let f X EO a be a noble fruition
There exist simple nible funtions Su ne 1N such that

a O E S E Sze E f
b Sn n f n as n so for every REX

hoof
Tor each nE IN define

Qu EOso co o
notethis is included

as follows
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Noire clearly
t za ch et o et e w

and
OE It E QCt E n E E

and duLES t as n

t cCO D

Set Sue duof X co 3

Qu is nible simple This means Ich simple
Co o

Sn is m ble and simple Clearly su satisfiesconditions
a and b of the theorem



Measures

Definition Let CX M be a m ble space A positive
measure µ on M or on X if M is understoodfrom
the context is a map

µ M co so

such that if An is a disjoint countable collection

of members of M then

µ UI Au II µ Au
To avoid annoying trivialities we always assume

there is an AEM sink that µ A D

A mute is a triple CX M m where
Lx M is a measurable space and µ is a pristine
measure on Me

A coeplexmeasne.pe on a r algebra M is

a map µ M Q smh that holds for
any countable disjoint collation An ofmembersof M

Remakes 1 For any non emptysubset on PCH
a map µ on ee to any subsetof tea 3 or Q
is called court if A holds for any
countable disjoint sequence An in le
2 Realmeasuris are a subnetof complex measures

3 Positronium are really non negative measures which
can take o as a value and s t µ A c for some AEM



Theory Let µ be a positinemeasure on CXM

a µ O

b Sf Ai Au are pairwise disjoint m blesets then

µ UE Ai IEMIAi
e AE B MCA E µ B A BEM
d If AnC M NE IN with A CAzC C Anc Antic

and A LE Au then

MIA whiff µ fan M
e If AnC M NE N with A PAP An Ant

and A ft Au and if µ IAD coo then

Perf
MA this µ Au

a Let A EM be s t µ A Coo Let AFA andAu for
n 2 Apply countable additivity to get

µ CA µCA t I mn 2
It followsthat µC O

b Take A nth p for Kel apply countable additivity
NTto Ai Az Au Anti Antz and use

part ca
c Since B A W B A where U denotesdisjoint
union therefore µCB µ A µ B A and this fences
MLB MCA

d Let B Ai and for n 2 set Bn An An 1
Then Bn is a sequence ofpairwise disport



sets Note that A UE Bu Thus by countableadditivity
µ IA I µ Bk luring ZIMBn Cl

k i

None B U BzU U Bu Au and hence by b
Fri µ Bk µ Au Substituting in c we get
the answer

e Let Bu A Air Then

of B C BzC C Bn C But C

and hence by cc
m E Bn figg µ Bn G

D
Nene V Bu A A Am and hence

n i na

u CIEBn HAD µ CLE Au

Thus by
µCA µ Au hairs µ Bu half MCA µCAD

µ Ai him
n MIAn

Since MHD c the result follows
a e d

P f Example OmCN PCND consider the measure

of µ A D if A is infinite MCA cardinality of A otherwise

BEEFY i I Iii ITAI ies.ua
The problem is that HAD D



Implied measure
Interesting and natural measures are not straightforward

to construct The important Lebesgue measure on IR requires
some work to construct Here are a few simpleminded

examples
a Let X be a set On LX P x define a measure

M by r A D if A is infinite and
µCA is the cardinality of A if A is finite It is

easy to see this is a measure This is called the

configmeasure on X

b Fire no EX Let EE PCX Define
µ CE

2 if no c E
0 if no f E

This measure is called the witness concentrated

at no or more commonly theDiraemeasureatno The r algebra need not be PCH Any
r algebra on X will do The measure is often
devoted 8No


