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Last time we proved the following livolennas

bet let X M µ be a measure spare and Xinyi lie
its completion If f is mi nible then I am M m ble function

of such that f g a e Eri

LemmaBi Let CX S µ and Y T v ke coeplett E finite
measure spaces Let CXxY M d be the CongletonofCxxySx1µxu
If h is an M m ble function on XxY and lie 0 a e Ed
then F N Ef µ N 0 sink that for each NE X N

there enists FEDE T with the property that µ Fln and

he ly 0 for all y C Y FCu

Rodentsof completemeasures
In what follows u Sir and Y Y U are complete r finite measure

spares and M d is the completionof CSXT mu

theorem fercompletemearned o Let f n Xxy Eo a be

M m ble Then fre resp f t is T m ble resp S m ble for
almostevery re c X Crisp almostevery yCY hit off and Uf ke
be the functions defined almost everywhere onX andYresperhiels

by



IfCn fyfudu Ufly f f't do Cl
Then

If dm f fold fyYt do 2

By henna A Fg which is Sx m ble s t f g a e Ed
Tonelli applies to g Apply henna B.to he f g to get the resultaed

An immediate consequence is Fubini for complete meanies

Theorem Fubini for completemeasures Suppose f is a complex
M m ble fruition Then fn rep ft is T m ble resp S mble

for almostevery NEX resp alumut every y CY Mourn
a If off is the a e defined fruition at fyltaldo
and f Clif du c then f C L d

b If f E L d them for almost all x EX resp
ahnut all y CY foeC L v resp f't C L fu
and if If crispHy is the a e defined
fruition nts fy tu du resp yes f t'tda
then

I Of du f f dd f Ufdu

Prod As before pent ca follows fromTonelliforcomplete names For
Cb as before by breaking f into veal and einaginaryparts
and then earl of those into poilu and negative parts we



are reduced to the care where fCL Cds and f 70 The
result follows from Tonelli for complete mounds a e d

Fouriertransferne
From none on

m Lebesgnemeasure onR
It

Thus Integrationwith
resputtoLebesgue
measureI fix duren f x a

Hfllp f IfCaslPdm n P tepco 21

f g Cns If f Ln g guysduly Creek 3

and

Ict If f Cn e int during TER 4

Of come C 4 are only definedwhen the right side
is sensible

NOTAT ON LR LPlm lepc

defy I as defined in 4 is called the Fourier tranferu
of f The map f I is also called the Fourier transform



Theme f g C L f g C L and HfgH E HH Hgh
Pdf This is essentiallyTonelli

Iff g cry f IfCng glyydmly

f It g in durin e f If Hix yylgiysldmlyfdmad

f.at f.fIfcx y l lgcy71dmlnfdmly1 Tonelli

If Igig I If Hex y dunk duly

f Igly Iduly f IfCustdunk

Hgh Htt to
g e d

Remand Standard substitution arguments show that

f g g f when f gC L Indeed setting s n y we see

that fat fin y guyduly f f s gcns duels in other

words C g n of f n We will beusing this result without
comment

n r axis

iii III It Yesµ www geu.rsdt eyeinggyment
2 U axe's l is ut r _n
ut r R



Thinner Suppose f EL d d E IR

a gcn fcase idk gilt I Ct a
b gcn fire a ofCt facts e idt

ca g EL h f g little fit gets
d gin tent gilts fits
e gin f ka of It d ICdt
H goes intens gel I diff ble and Felts_ofCt

Proofi Ca Cbl Cdl e follow easily from the definitions by
direct substitution into the relevant formulae It remains to

to prove Cc and Ct
Here is Cc

tilt f f e it fer g guy dulydurex

If Lf eitkfcxysgiysdmlxldw.ly Fubini

f gey f.IE xfcxy dmcn duly

ff guy e it't f e
it T fax y dunks duly

fff gig e its duly If fcuteitudmons
of It fact

giving cc



None for f Let Sn be any sequence in R converging
to t Then
Icsns f If tens e isnneitnfdw.cnSu t Sn t

If fin e itn e icm tk 1 fdu.cn
Su d

None 1e t E Int H Su and E and hence DCT
Isn t 1

applies and letting in so we get
I E trig tf

Sn E

If time
it
Egg e diners

If ten e ith C in dm la

ff fin fans e it dmca
a e d

Towards the Tunisian theorem

Definition For any function f on R andevery y EIR fy is the
translate of f defined by

fyIns fCny y EIR

If y is positive the graphoffy is thegraphof f shifted y units to
the right and if y is negative the graphshift is lylunits to the left






