
 
N Lecture
Fubi for ompletemeasmescconh.nu

In what follows k r s are positiveintegerssatisfying
k r

Last time we showed that
Br x Bs Br

we also showed though I forgot to put that in the notes

Ummel supposecx.s.nlandMTr aretwomeasurespacesandEesissurethatuces o Thenmucexes0 foreveryFETsimilarly

if Fe'sandnee o thenmucexeso perwayEes

Prof sinceYe acesxpthereforentexe oymeso.whenu xogExes Syneexr.do o symmetryprovesthesecondassertion aed

On Bp Br xBs we have my Mr Ms

Prof hit Qo n.FI coD C Rk Clearly Mp Oo mums Q
Thus it is enough to show that Mr 1ms is translation invariant
on Br We do it by using monotone classes Theargument
is by none familiar or shouldbe but here it is one more time
Let E E Be Define

Eris En doin vis E 1k
Then Ers is a countable nible partitionof E s t

Mr Ms and my home finite measure on earh Eris



hit n E Rk Define
M EE Bk Mr xm Eris Mrxm Eis tu tris CIk

If n Cri xk set

NT Ck Kr C Rr Iss Cure Rk CIRS

If E Ax B AE Br BE Bs then clearly
Et Es Ain B ins Moreover Eris Arig Boss Thus
Ax B E M for every AE Br Be B It follows that
Jd Br Bs C Me It is straightforward to see that
M is a monotone class Since r R BrxBs Bk thefere
Me Bk Thisgives MrxMs Eos many Eis tu whence

Mr Ms E Mr Ms Etr q e d

Lemma 3 Let N E L r be an Mr mill set i.e Mr N 0

Then NxIRS C Lp and Mp Nx 1129 0

Remark Since we do not know that Lrxhs Lp in fat it
is not true and the proof is below and in font was grim in the
last class but I forgot to writeit we cannot use Lemma1 above

Prod There exist BE Br smh that mr B O and N c B
For the productspare R xRs Br xBs Mr 1ms if as before we set
ME RS Cord for EE Br xBs to be y Mr EY then
IB Rs Mr B Xps 0 Thus MrxMs BxIRS ftp.gYBxyzsdms O

ie Mk BxIRS O Since Mp is complete and Nxks c BxIRS we

are done q e d



Example Let E n x B see Rr BE RS BEhis Then
E 4 Lr x Is for otherwise En B would be in Los Let

S En xRs Since 4g µC n Xps 0 therefore Mncs Mr ms s D

Since ECS and mp is complete this means Ee Lk

The above example shows that Lrxhs I Lk However

the r algebras BrxBs Br Lrx Lr andha are intimatelyrelated

Theoremi Rk Lk mu is the completion of ARKLrxhsMrxms
Prod
we will first shone that

Pope C Lrx Ls C Lp
Since Bre Br x Bs and Br Chr Rs C Ls it is

clear that Bn C Lr xL
Let EE Lr Then I am Fr set A a Go set B

smh that
AC E C B

and Mr CB A 0

It follows that E A is an mr mill set as is B E

From Lemma3 it follows that CE A x IRS CLk Since
A E B and Ax RSE Br xBg Br C Lk we have

ExIRS AxRS v E A xIRS E Lp
Thus ExRS E Lk t E E Lr Similarly orby symmetry
Rrx D E Lk t DE Ls This yields



Ex D Exits n Rr xD E Lk H EE Lr DE Lys
It follows that

Lr Ls C Lr
Let ZE Lrx Ls Then ZE Lk Hence we can find A B
in Br smh that mp.CA B O and AC 2C B Thus

Mpe A E Mp 2 E Mp B MrXm A E Mr1ms Z E Mr ms B
None A BEBr hence mrxmsh7mp.LA emptB Mrxms B We thus have

MrXm A E MrxMs 2 E Mr1ms B
11 11
Mp A E Mp z Mp B

In other words

Mrxms Z Mp Z

for every Z E Lr x Is
Since Mp is the completionof Bz Mrxms and

Brc LrxLs C Lk it is clear from the abovethat CLK.mn
is the completion of Lr Hs Mr 1ms g e d

tomplitions

bet Let CX M µ be a measure spare and Xinyi lie
its completion If f is mi m'ble then I am M m'ble function

of such that f g a e Cei

Rdf We can reduce in the usual way to the situation



where f O In this case we have simple nible fulton
Su ne IN s t

O S E Sz E E Sn T f
None

f Sun Sun

and since eats Sun Su can be written as a finite
sum I Cute XDuh Cute30 DukENT therefore we

b
Can write

f In an Xen ANTO EnENT
We can find An Bu C M s t An C EuCBU µ Bu Au O

Define

g I amXan
Then the set N next fees goes C Un Bu Au
and therefore f n _0 Thus f g a e Eri

LemmaBi Let CX S µ and Y T v ke coeplett finite
measure spaces Let CXxY M d be the CongletonofCxxySx1µxu
If h is an M m ble function on XxY and h O a e Ed

then F Nef µCN 0 sink that for each RE X N

there enists FEDE T with the property that µ Fcn and

he g 0 for all y C Y Fcn
Reward Note that this means he is T mble fer almostevery REX

fer v is a complete measure on T and hence a function which is

m ble outside a V null sit is measurable on all of Y



Kofi There enists PEM d P o sunk that horsy3 0 for
every lie g C XxY P Since M d is the completionof
SxT mxn there exists Q E SIS uxo Q _0 such that
PC Q For REX let as before n VCQu Then

do du uxo Q 0

Since QQ 30 this means I O a e Er In other
words For µ mill set N s t fer KE X N Q n _O ie

Qu _0 Now Pn C Qu and since V Qu _O and
V is complete PrC T and D Pm O For ye 4 Pre we
have h y 0 by our choice of P Set Scn Pre Then
N and Scn ne satisfy the conclusions of our Theorem

q e d


