











































































































8 Lecture

FubinisThion
As in the lastlecture CXS µ and Y TU are 5 finitemeasure spaces Recall
the following
Notations If f o is Sx measurable them last time we defined

Cff X co a and Ulf Y Eoso

by
QfCu J tu du ne X

and

Uf ly f f't die yet

Remake Recall in the last lecture we had defined
QE and UE fer EE Sx and shown is T m ble and
HE is S m ble It is straightforward to see that

QE 9 and YE 4 CEE Sx3
where on the L S of earh of the two equs above we are

using the old notation from the last lecture and on the

right side the notation just given we will continue to
use the symbols Cfe and Vee for dye and Vx As we observed

last time partly by defn of µxv
f IE du uxo E f Uedu C
x y














































































































Tonellistionani Let f Xxy co so be an Sx ndble

function Then
a Clf is S mble andUf is T ruble
b IxQfdu f f dCnxv fyYfdo

or equivalently

f fy fCayduly dµcut f yfdexo f f fin y drewdocu

Prod We have already proved a spinal case ofTonelli'stheorem
namely the care of f Xe fer EE Sx 2 see d and the
comments above it By taking finite non negative
linear combinations of these characteristic funtions we
got
0 is S mble Ys is T m ble and

fer
Is du f ysd new f Y d
simple non negative real valued Sx madefunctionsS

In other words Tonelli is true for simple Sx non negative

functions
If f is as in the statementof the Thur we can

find
0 E S E Sze SirTf

with Su Xxii cop simple Sx mble By MCT
Isn t If Ven T tf

when.ee It is t m ble and Uf is T ni ble see Cz above














































































































By G again we have

Isudu f Sudluxu fyYsudu new

Applying Me 1 once again to each of the three sequences
of integrals above we get

J Ofdm thnx f f do
as required a e d

Thune Let f be complex nible on CXxY Sx2 and

Suppose Chf E l m Then f E L uxo
Korff

This follows immediately from Tonelli for Ifl g ed

We none state and prove Fubini's theorem The

statement is in the next page but briefly it says
that if f is uxo integrable on XxY then the iterated

integrals exist and the orderof the integration can

be reversed something very useful in several variables Calculus

In what follows if f is SxT m ble we use the symbols If eQf as
before when theymake sense More precisely

a IfCn fyfudo whenever freeL v
b Yy n f f'tdm whenever f't C L h

Thus af fr E l w a e Em Clf isdefined on X ae Em as a complex














































































































function and if f'tCL lat a e Ev Ut is defined on 4 a e Ev as a apexfew

TheoremCTubinisThion Suppose f is an SxT m ble

complex funtion smh that f C L1µW Then

Ca f n E L r a e Em and fYE L r a e WI

b off C L ful YfC L v CNote Ifand are mblesinceoff Yyane
c f If du f yfdluxo f Ufd r
i e

T
f f fCxy day doin f yfd uxo

fyfxfcx.gsducasduly
Pref
ByTonelliQf E L n whence Chf n an a e Em ie fueLW a e Em By

symmetry ft C LEr a e Ev Theremainingassertions followfromTonelli for
chef t Ret thenf t and Imf o g e d

y of Hy.potexampled
I Let X Y Eo D with the usual Lebesgue r algebra and

measure n u m Suppose

0 8 of c c of 1

Let g be real continuous with support in oh ohn s t

Jo g it dt I n C IN

You may assume gu O if you wish thoughit is not

necessary Define














































































































fCxy II gnus gut in guy
I

f fgo.cxsg.ly gscxsq.ly Thevalue off on each
i III Ewgitfamagrme.it

is gulxgrey Onthegrid
fge.us

iqy squares in the seaagoneit
gun grey Ontheothergexgacygang squares it iszero

or or is 4 Is 8 2

It is clear that
I
ffcx.gsdx girly galy are ye8mio

0

Thus fo fCxydx o t yCCoD

Similarly if u 82 we kare

fo fCxy dy gCx l l O

Homann for 0 8 e ne Iz Eve bone

fo fay dy gCn
Thus

fo fCxy dy g n ne Io D

From and we get

Jo fo fcx.gsdxdy 01 1 fo g dx fo fofixysdydx

Note f is continuous on Xxy except at CBD Sowhat
went wrong It is easy to see that

Jo fo HexyHdxdy o

This is the reason Fubini failed here










































































failed

2 Now let 11 4 20,13 S Lebesgue r alg µ Lebesgue

measure I P Y u country measure on C4 PM

Note that v is Et r finite
Let D Cx x C Xxy c the diagonal

We claim D is Ix J nible Let n C IN Set

g JI In j l n

Let

Qu I xI U Ivi Iz U U Inx In

Then Qu as Sx m ble Since
D Q Qu

D is SxT m ble It follows that XD is nible
None f ixgdoin O f fCxy duly l

Hence
fyfxtcx.ysdmcxsdvcyl 0 tl fxfyfcx.gsdulydread

This is where the iron r finiteness of u plays a role
in violating the Fubini principle

3 Sieminski Assume the continuum hypothesis In this

cane there is a well ordered W and a one to one

ontoW

j co D w

such that gon has only a countable number of
predecessors for eark see EO B Assume this font
Let Xe 4 10,13 with Lebesgue r algaemeasure Let



gene alg
Q f xg C CoDxco.IT jcnsEjcy in W

So for REX
Q ycEO.is jcnsejcy

This means Q contains all but a finite or contable
number of elements of EO I So 219 7 em Qx L t REX

On the other hand
QT seeEoD I gCx Ejcy

and this is countable at most Hence µ GT mtg't o

for every y EY Thus

QQ L and Ya 0

It follows that 1 0 du to Jyp du
ie

fyfcx.gsday dµCx t fyfxfcx.gsduxday

whatrong
Amane f is not Sx measurable

Fubini forcomplete measures
we use the notation

Bu B Rn new
As before

Lu Lebesgue r algebra on Rw

Mn Lebesgue measure on HR Lu



In what follows k r s are positiveintegerssatisfying
k r

Rodent Borchgrevink
here Br x Bs Br
Ef

Let le EE Br ExRS e Br It is easy to see
cheek that he is a r algebra on Rr and hecontains all open
sets in Rr It follows that ee Br Thus ExIRSCBp for
all E E Br By the same reasoning Rrx F E B k for every
F C Bs Since ExF Ex IRS n RixF therefore
all m ble ratangles in CRk Br xBs tie in Bn whence

Br x Rs C Br
On the other hand recall that everyopen sit in Rk is the
countable union of sets of the form Q Caib x Canbn

and smh Q clearly lie in Br x Bs Hence every openset in
IRR lies in Brx Bs which wears

Bp C Brx Bs q e d


