











































































































Lecture 200 25 2018

The Lebesgnehemma
As before Unlt eint te 2

Suppose fELP T I e p N Then clearly f u u C LP T HnC7L
Hence the Fourier coefficients

Icn f fits e intdt nek

make sense

Let f ELP T and suppose E o has been given Then
we can find g E CCT s t Uf gHp E see Theorem l Z l of
lecture16 onOct9 Further F a trigonometric polynomial P
s t Hg Pk s E Since 11g Pups 11g Pll we therefore

have
Hf PH c E
N

None P I CkUp and hence for Inl N LP Un O
k N

Hence fer try N we have

11h I II f f P e
int de I

Hf Pkp Huultg
Hf Pdp
2E

Thus bin frfr 0 We have thus proven the so calledM1 a
Riemann Lebesgue theorem for LP T see statement on next

page However note that LPCT CL CTI pal hence it isreally an L statement














































































































TheoremCthebes g Let f C L CT Then
lim
lui flu 0

Equivalently

µhif I fits cos Cntsdt tying fit sinentsdt O

We will later prove versions of this fer LHR rather than
l't That is a deeper statement

Measuretheonyterprodurtspace
In what follows X S m and Y T V are two
e finite measures Recall that sets of the form AxB

A C S BE T are called measurable tangle The collation
R B S Y of finite unions of nible rectangles ferns are

algebra and in fart everymember of R can actuallybe
written as a finite dispoint union of nible rectangles
see HW 7 for all there fents

Definition S T r R S T

Note Since R consists of finitedisjoint union of w ble
rectangles Sx is in fort the r algebra generatedby nible
rectangles














































































































Notations Tor EE XxY ne X and yCY define
Er yEY Cng E E

E't REX Cny C EE
If K Hy are the two projections then essentially

E n is p n andEY is g y

Theory Let E C Sx Thenfor every n C X and everyYEY
we have En C T and E't CS
Prof

Fine n C X Define
M EE SxTI En ET

Clearly every m ble rutangle AxB lies in M and heme
so does XxY None c

a Y Er and hence if E is
in M so is EC If E LEEN then En LICEU n and
hence if earh Eu is in M so is E Thus M is

a r subalgebra of Sx containing R It follows that

M Ix T Thus Er E T t EE Sx Since rex is arbitrary

Er E T t REX E E SXT Bysymmetry if E C Sx
and y EY then E't EA

Notation Suppose EE Ix T Define 4 X EO

and 4 Y cop by the formulas
clears v Cee

ng y
Thingthe

4 y µ EY previousTheorem














































































































theorem For earle E C Sx T OE is S measurable and
HE is T measurable

Ioof Let Xu be a S mble partition of X with

µ Xu co AnE IN and Yu a T m ble partition ofYwith
8 Yu CN t n C IN Let

Zurn Xu x Yun n m C IN

hit
EE Sx de is S measurable

Let Ax B be a m ble rectangle Then clearly

A B
V B XA

and hence claws is A measurable Moreover if
R Rz are disjoint in'ble untangles and Q RURa

then QQ Up t de whence QE le Thun RG le

If E C Ez C CEN C is a chain of trimming
sets with Eu C le tu then setting E OEn

we see that E n T En whence 2 Erk Tn En

ie QE Lingo den and since each den is S m ble

so is Cle Thus EE Ee
Suppose we have

AXB D E Ez D En

with V B c and Ei C le ti Let E QEu Then we have

En A En n If r A En n t n Enid and Clench clew 0

If see A then
B E n a c a 2 3 En














































































































Since v B D V Enl this V En n ie in either

care NEA or nd A we have

Cle kiss den
This means 4 is d mble whence E C in this care

Let
Me E E Ix Z Eh Zun E Ee H m u CIN

Our arguments above shone that M is a monotone

class containing R Since R is an algebra by problems
in HW7 M r R Sx

None for E C SxT

de If ChenZun
It follows that ele is S m ble since each de mu is

Bysymmetry HE is T m ble forevery E C Sx a e d

There 9 Let E G Ix Then

I de du f UEdu
Moreover E f eledu f 4 dv is a measure on Sx
Prod

This was Quiz5

Definition with LX S n and Y T O as above n O

o finite the product measure µxv on Sx is defined

by
µxv E JxCledu CECSx














































































































Note that

LuxV E f UEdu CEE Sx

Break The above defn and the theoremabove it really say
that

f Xecky duly doin f XE d uxo

XEGg du dog
t EESXT

This is a special case of tones which in turn
is a special care of FubinisTheoree

MoneNotations In the above situation if f is a

function on XxY then for me X and yCY define
fse on Y and f't on X by

f e Z fCn z 2CY

and
f'tCz fCz y 2 c X

Thus for any point In y on XxY we have

f y f't n fcx.gs
theorem If f is Sx measurable then fer nC X and yC4
fse is T measurable and fT is d measurable
Perf If V is a measurable set in thetarget of f
and E f v then En f I w for a C X and














































































































E't ft E The conclusion follows from earlier resultsq e d

Fubini'sTheon

We continue to be in theabovesituation ie CXSm and Y TU are r fruit

Eneumonenotationsi Let f be Sx m ble Suppose f 70
Define

off X co a and Ulf Y Eo a

by
QfCu J tu du ne X Cl

and

Uf ly f f't dµ y CY 2

Tonellistionani Let f XxY co so be an Sx ndble

function Then
a Clf is S mble andUf is T ruble
b IxQfdu f f dCnxv fyYfdo

or equivalently

f f fCayduly dµcut f yfdexo f f fCny drewdans

Note From aRemark on thepreviouspage clearly the statement is truefor f XE whereEESxT

Indeed in thatcaseof de Uf YeandtherearemeasurableCwrue Sand2resp andthedefn
of µxvE and theprevioustheoremgivestherest FromheretothegeneralTonellitheoremfollows

theusualyoga simplefursapproximationsbysimplefeesmot Wewillfleshoutdetailsnextclass




