
 

Ignat 201 Lectures

from the homeworkproblems we see that if he is

any collection of subsets of a non empty set then
there exists a r algebra r Cee on X such that ee C Cee

and if M is any r algebra in X containing ee thees
r Cee C M Smh a r algebra is clearly unique and
is called the Ealgelna genenatyle

If X is a topological space the r algebra generatedby
the open setsof X is called the Borele lgehe ofX denoted

BCx or simply B if the context is clear and members

of B are called Bonelsett A map f X Y with

7 a topological space is called Breemeasurably if
it is measurable for X B In other words

f is measurable if f v E B fer every open set Uni Y

Note Every continuous fruition is obviously Bond m ble

Theme Let Y be a topologicalspace CX M a measurable

space and f X 77 a map Let
ee A EYI f CAS EM

Then
a le is a r algebra in Y
b If f is measurable then f A EM for every



AE BG

Sf Y E ago with its usual topology then f is
measurable if and only if f cars E M for every a in IR
The usual topology on E o D is grimby the following metric

If asb dlab tan b tan Cal where tan Co Iz and tan D Iz
d If f is measurable 2 a topologicalspare and g eY 2

a Bond map then gof X 2 is measurable

Proof

A spinal case of Cc is part ofyour HW and hence we
will not prove CD word

a Note that f YAa Ua f IAD and f t Y A
X f A and that f l Y X From the last relation

it is clear that YE From the second relation it is
clear that he is closed under complements since M is

Finally if Ai Az Au one in ee then

f UnAu Un ft Au
and the right side is in M smi ee M is cloud under
countable curious This means K An E G proving ca
b Since f is measurable by definition all open subsets of
Y are members of ee By Ca ee is a o algebra It follows
from the font that B Y is generated by open sets
that B Y E ee Thus f A C M t A C Bae

G This essentially one ofyour HW problems and so the proof
is not given here



d This follows from b In greater detail since g is a Bond

map for an open set V in 2 g v EB Y and hence

by lb f g V EM ie gof v f g VI CM
q e d

f functions
Recall the definition of thing np an and higiff an fer

a sequence an in E D o Nott so and so are

allowed as values Set

bn sup ok anti
E wit an.am

k 533

ThenLbk is a demeaning sequencing and Ck am

inwearing sequence Set

B inf biba b and F sup erezez
Note bn sp and er r as k N

Recall that there is a subsequence any A fan
smh that

ang B as j so

and similarly a subsequence armed of fan
S t

any r as r so

why is this bine



We write

D himsup ane and t himinto ann so n i

B is called the wppe ut of an and t the tower
nt of 3

Clearly

Tliminfan himsupC ann n n N

Notations Suppose fu is a sequence of E D DJ valued
functions on a set X Define

sunup fu X C a a

unit fn X E so so

him sup fu X E o D
n

him wit fu X E so so
u as

in the obvious way For example
pfn n snap fuk REX

and cnn.jp fu n luniffp fins seeX

theorem If fu X E N N is my fer ne IN
then Snupfnmiffu hninsjpfu himinftu are m b Thismeansn so we are assumingthat
Proffy Xis a mblespace

Let g snapfu Then

g Cca 3 LE fu 2 3
Indeed if REX is s t gcn C Ex a then there is some



if c g I then

fn s t f nCn E G o and vice versa It follows that

g 2 3 is a noble sit since each fi Ca 3 is

By an earlier theorem this means g is m ble

Similarly into fn is m ble Since

bing.fr fu riff guff fj
and

hninjjnffn szpf.fi fj
it follows dtul hg.us fu and huriffffu ane m ble

Corollary The limit of every pointtein convergent
sequence of complex m ble funtions is m ble
Note By defn a complex m ble functioncannottakevalues
D or o A complex nible fruition takesvalues in 1Cand

is m ble with respect to the topologyof Q
Prod Suppose fu is a sequence of complex

m ble functions and for each fu Untie where
our and ru are real valued Then we have seen that
cur and ru are in ble None suppve fr converges
pointwire to a complex valued fruition f Write

f ut i r u Ref Imf Then Uu u and Kev

pointwise as n D Suiee w himsupUn f himinfun
u is m ble Similarly r is m ble

g e d



For any fruition f from a set to E o D
we define

f max f of and f min f oi
We then have

ft 30 f 7 O

Ifl ft f
f ft f

The functions f t and f ane called the positiveanet
negativeparts of f respectively

There are many ways of writing f as the difference
of two non negative functions but the representation

f ft f is minimal in the following sense
Iopoition Sf f g h g O h 0 then ftog
and f e h

Prof we have f Eg which means max EfO Eg
Snidarly Max f o e h but max E fof min f o
and hence f E h

a e d

ary2CtotheTheovend_iSffn.X E op and

g X C o so are m ble then so are max f g
and win f g In particular fT and f ane

m ble

Prof max f g Supft g f g f g min fg Wfffg fg
g e d


