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Tom Lentine 18 we know that unfuez is an orthonormal

basis for the Hilbert spare ECT where un is given by
em t eiht te IR ne 7L

Ter te ECT and u C I write

Its Lf uh f fate intdt

Then

I a e

is in L I and since un is an orthonormal

basis fer ECT the map f I gives an isometry
from ICT onto ICI The fruition I is called the
Funston of f and the term is also used for

the map ELT 142 givenby f I
Since Un n a is an orthonormal basis we

have
Hfa IIHF f ENT

Parsevalis
and
4 g If Icn g f g e a

identities



Lennie Let f C ECT Then

whins Hf II nIhsan112 0

Perf
hit gn f NENIM un NE IN

Then

In an
0 men

Icu Ml N

It follows from Parsenal that

Hgnlf I II lust
Int N

Since Izz IIcud 11ft CD the right side ofCt
0 as N D

a e d

Fourierseries Fw f E ECT the series
n
f Cn Un

is called the Fourier series of f Aumding to the
henna the Fourier series of f eomeops to f in ECT
Aundingly one often writes

f I IN nu
ne 2

with the understanding that convergence is only in 547



In 1966 Len Carleson proved that Fourier series of
a fruition f in ECT converges pointwise to f
This is a remarkable theorem for which Carlesongot the
Abel prize in 2006 Later R Hunt proved the same

result for f in LP T for l p In the opposite
direction in 1922 a 19 year old Kolmogorov proved
that there exists f E L T smh that its Fourier series

diverges a e and a little later he found an fC L T where
Fourier series diverged everywhere We will not be

proving any of them results The question ofwhether the
Fourier series of a fruition converges pointoine to that fruition
was posed by husin and is called he's problems lusin

was Kolmogorov's teacher

Some ysis potogy

Lemuria Let X be a Hausdorffspace and K a cowpat
subset of X
a K is cloud in X
b If C is a cloud subset of k then C is compact
c If X is a metro space K is bounded in X

Prof
a hit re X K For each y Ek we can find opensets
Uy and Vy with neUy yCVy and Uy hVy D Then



Vyly Ek is an open corner ofK and hence there is a

finite subcones Vy Vy of k Then U Uyh Allyn
is an open nbhd of n and U E X K This proves that X K
is open i e K is cloud
b Let U Ual at A be an open cornerof C and let
U X C Then U U U U is an open cornerof
K Let V be a finite subroun of k If Ud r then
T C U and we have extracted a finite sunburn of C
from U If UE V then W V u is contained in

U and is a finite cover ofC Thus C is compact
c Pick no E X and consider Bw seCXIdcn.no cuts

ne 1N Then Bulg is an open cornerof k Bu CBnei
t n E IN It follows that I new s t K C Bu
Thus K is bounded g e d

Notation hit I Ea b be a cloud and bounded interval
in R Then

I a at and I a b

Lennie Let Ii Iz Iu be chred bonded internals in R

and let Q Tix Izx In Then Q is compact in 1124

Prof
Suppose not Then there exists an open corner U KlacA

of Q smh that U has no finite sutures of Q Then



one of the 2 subsets

Qr in If Ink ki C 1,23 i l w

does not have a finite snowmen from U Call it Q

Then diam Q Iz diam Q We can repeat the

process of subdivision indefinitely to get subretaryles
G D Q 3 Q Z s Q137 3 3 Gcm

suck that earth Qcm is a product of n closedinternals
and

diam Q'm Im diam Q
The nested internal theorem then showsthat

Nam no
m

fer some no E Q Indeed pick xmCO.cm Then
11 Kr NsH e Is diam Q fer s er where am is

Canby Set no mhz's nm Then no E QQ
m If

y C I G then Xo y E Qu t m whenceHuoyustzdian
for all ur C IN ie Xo y

Since Xo E Q F UaE U s t no Ella Suiee

diam Qm o as in no and noCQu t m F

m s t QM C Ua However Qlm has no finite snowmen
from U This is a contradiction whence Q is compact

qed

Theonemcthelteiue.BRelThonem A subsetof R is compart if
and only if it is cloud and bonded

Iof's we have already proven the only if part We now prove



the if part Sosuppose C is closed an bonded in R

Since C is bonded there is a churl rectangle Q containingC

By the previous hammer Q is cowpat By the earlier
henna since C is a cloud subset of a compact set cis
cowpat a e d

Fi spae
Let ME IN On G N consider

HH i GN Eo o

H112 GN Eo D

given by N
HHas FEE kit link I trip 2

where n ki NN Clearlyn
Kil e 2 Init 2

i
and

II lair e I kill
E N Hull TNHallo

Thus we have
HUH E 112112 E TNHull F KEEN

This means 11H and H112 are equivalent noms on GM ie
a sequenceofpoints converges to noCEN under HHo if and only if
it converges to no under HHa In particular the identity



maps Gm HHoo EN HHz and CIN HHz CENHHo

are continuous

Now let be any finite dim'd retire spare over Q

with basis
be bz bn

Every NEV can be written uniquely as
N a cudb t tan n bn

Define
Hallyu EYE laical Halk LIIlaicaspf

theorem het V bi bn a Aw HHav H Hzu ete be as

as above Let H11 be any norm on V Then F M M EIR
O m M o smh that

m Haz v E 11h11 E M 112112v t KEV

In particular all norms on a finite dimensional valor

space over are equivalent
Note The statement is also time for finite drink reelin

spaces over R and the proof is the same as the one we

are about to give
Lotfi
Let C Ii 11bill Then for KEV
Hall 11 It aiCnsbiH E IElaical11bill E HulaguIF11bill

E C HRHD V
E C Hallzu from



Thus
H NII E C 112112v NE V

This means that the identity map
V H Hsv V H H

is continuous On the other hand on any
normed linear space X H111 the map H11 1 X cord
is continuous for Half kylix E Hn yH by the D inequality

By considering the commutative diagram
V HHsv V HH

HH
HH
v
Eo D

we see that HH is a continuous function on

V HHzv
Let f d HHsv to D be given by

f n Hull EV

We have just argued that f is continues on N HHsv
Sina S freeVlKnik L is compart beingcloud bold and
since 045 we have that fCS is a compact
connected subset of co o Thus F m M s t

fCS Em M C O D

We therefore have me fCs CM H SES ie

M E LISH E M H S E S It follows by setting s Fu



fer n EV o that
m 11kHz E HRH E M 11mHz

as required g e d

Riesz'shammer and the unit ball in a normedspace

trample het B nee Habe el be the unit ball in L2
and for i C INsiteLO O L O 7

ith spot
In other words ei is the sequence su where
Su XgingCn Then Ei El and keith L whence e C B

It is clear that
Hei g 112 52 it j i jC IN

It follows that en is a sequence in B which has no

convergentsubsequence Thus B is not compart

The above is a spinal case of a general phenomenon If
X is a normed linear space n l s for short then the unit
ball in X is compact if and only if His finite dimensional

To prove this we need Riesz's Lemma see below

It is a way of finding an approximate complement to a

closed subspace of a n e s



theorem o Let be a n l and UCX a

properclosed subspace ie U is closed U X Then for
every 8 s t O c oral there exists Kor EX her11 1 smh that

11kg UH l d t UE U

Prof
Pick ne X U Let

D if Hn uh well

Since U is closed d O

Suppose we are given d s t O d l By defn of d
there exists up C U smh that

d e Hn Urk a I

hit

kg k

Hn Ugh

Then kno11 1 and for u C U we have

Hn uh 1 H n Uo un non a H
Hn Urk

d since ur un WH u C U
Hn Ugh

I 8 by s

q e d

An important consequence is the following



Theorem Let be a n e and let D n EX Hallel Then

B is compact if and only if X is finite dimensional
Iof
Since all norms on a finite dimensional water spare are

equivalent if X is finite dim l B is compart
Now suppose X is infinite dime Pick x C X

HnHel and let U f dn l deaf Since U is finite
dime and all noms are equivalent on Uy U is a

Barrah spare with the worm inherited from X and hence
U is closed in X By Riess's henna bypicking 8 12 we

can find uz Hnzu I s t Hnz kill Iz Suppose


