
Lamina Tf µ is a positive r finite measure on LXM then there

exists a funtion WE L1µs smh that o wCnCl for every REX

Lemmy Let µ be r finite pCEl a ofthe conjugate exponent to p and

g
an element in LG n Let Ig LPlus d bethe bounded linear

functional f f fgdµ see Example 2 above ThenHIGH AgHq
In particular the map Lalu Elm givenby g Ig is an

injectivemap
Kono

wehavealready seenthat1105gHEkgHq Suppose p l sothat q o Pick f CL'but
s t Oof c o e g the W o Wcl of an earlier henna Then

Ifefgdµ E Ig fVE E HIGH fetdu TEEM
By
the previous henna

Hgh E HIGH So the assertion is true whenp l
Suppose Ia pen For some m ble L 121 1 we have Igl ing

Let f L Ig19
t Then IflP Igt

W P
Ig18 whence HfHp kgHg

Sho Iff f laIgM gdm f Iglady 11g got Thus
Hghgot Ig tf

a HIGHHfHp HIGHHgHq ie

11g11ft E HgH HIGH

Sf HgHq 0 there is nothing to prove since in that cane fig O

Otherwise we have HgHg8 P E H g te 11gHq E Eg g ed

Imposition Let µ be a finite measure le p D M a non negative

real constant and g E L smh that fgdu E M IIflip
for every f E E n Then Hg11g EM where of is the exponent



conjugate to p In particular g CLalu
Prod

Suppore f I Let E EM and set f XE Then fCElm andHfa_µCE
Hence ISegduI fgdu E M µ By Then I 40 Rudin see

Tutorial 2 we get 1gI
E M a e whence HglloEM and we are

done in this care
None suppose I p N Let Eu Iglen Weknow there exists

M ble 2 121 1 s t
Igf Lg

Let f 21g19 New Then f ELA

Moreover HIP Ig19Ken whenceHfllp few1glotdeft Monona

fg IglooXen Hence

fealgl du f fg due M Hflip M feulgitder T

If g 0 a e the Proposition is obvious So assume this is notso

This means F N C IN s t Jeu1gIfdu O fer n
N Hence

the above inequality guies
fewIgt dnf'T e M

Let n and we Met to get the required result q e d

Theoree Let µ be r finite Letpe4,0 and let q be the conjugate
exponent to p For g E LA a let Ig Mlm be the bounded

linear funtional described above namely
8gf f fgdµ f CLP ul

Then the linear map
Lot u LP n



given by g Ig
is an isometric isomorphism ie it

is one to one onto and HIGH HgHq for every gC
Lot m

Prof

we have already seen that Ig
is bonded and HIGH HgHq

for every g Eld n This means that the map Lalu Lela

given by g Ig is injective Our task is toshow that for every
GELP n there exists a

g
CLetter smh that A Ig

First assume µ is finite ie na Let
LP u be a bonded linear funtioned Evince µ is

finite XE C LP Iv for every
E CMe Define

a E Xe
Note that 2 is finitely additive for if E E v Ez where
Ein EL D Ei Ez EM then XE XE t Nez Nonesuppore
Ei Ez Eu one pairwisedisjoint mble sets with E YEn
Let S Ek and Tn E Su me IN Snice Tu trlo

and µ is finite we have figs µ Tu D None

11HE KsuHp Xe Ksu du

f XT du
P

J Xander
P

µ Tu O as in D

Thus Xg HE in LP u as n a



It follows that I Ksu Elke as a oo

This means II 2 Eu X E

Thus d is a complex measure If µ LEKO
then XE 0 a e whence DCE O and hence

dam By the Rendon
Nikodym

theorem F
g
E L u s t

dd
gdu

Since simple funtions are in LP n once againusing
the font that µ is finite we have fer s II ai X Ai
Ai E M i b on AiAaj d i j

E s ai f Xa II ai dei

II ai JeNeigdu

L sgdu
Thus G s Sgdm for every simple

n'ble s

Since µ is finite L u CLP u Moreover

HfHp E HfH µCxsYP HELocus
and hence the inclusion map

Elm LD n

is continuous
Let f E Lofu Since simple nible futons are

dense in Ecu we can find a sequence of simple in ble

funtions Su s t H Su fHas 0 as n D Thismeans from
whatwe justsaid Hsuflip 30 as n su None su being simple



f Csu f Smgdm
As u so the LS convergesto G f since Su f in LP n and I is a bdd
functional on LPm The R S converges to f f gdu since A f in Lofer
and gE L n so that fl s f fgdµ is a bddfunctioned on our

Thus

I f f fgdu GE Lo n i

Since IELP1µF and Lola C LP u weget

f fgdu I If E HEHHttp fCLocal
Tom the Proposition we get

g
CLot u and Hg11gE HOIH

None both sidesof 1 definecontinuous functionals on LP u
the right sidebecause gCLotcm andtheyagree on Elul
Since u is a finite measure Blu is dense in LP u in font

simple frutions are dense in LPIn Thus the two sides ofG

agree on Hln i e

I f f fgdm f ELP n

We are thereforedonewhenµ is a finite measure

If µ is not finite since it is r finite by
our

hypothesis there exists we Lbut O wel Let it bethe
measure given by dir urdm Then it is a finite measure

YrMoreover for every re El 7 f t w f gives an

isometricisomorphism between Glu and L in This

works for a p too if we set to 0

So suppose G ELP a Define LP ri Q
by



of F g WH F Then k 11 HOIk Suiee et is finite
we have a

unique
GE Lot et such that I F f FGdµ

and HGHq.ir k 11 HEH If p l set g G If kpc

set
g

w G G Then
g E UCm and HgHg HGHq.ir 11811

Moreover for f C LP µ

of f OE w Df J co f Gdµ

f w f co K
g dit

w 4 1 ifg o
CIp Ig

f
w fg dei

f fg w dei

f fg du

gg f
Thus I Ig

We have already seen 1181k g g g ed


