
 

Geto Lecturers

Throughout M m is a m blespace with in a positive measure

paus_ofLP

Recall from Hw assignments quizzes earlier lectures tutorials
that f N is a mourned linear space than a bonded

linear functional E N is a linear functional
for which there is a constant M O smh that

1 K I E MKUH KEN
The norm of G written HOI11 it the smallest M smh that
the above condition holds Thus if we have an M as above

then
by defn KOIH E M

It is well known that bounded linear functionals on
N are precisely the continuous linear funtionals on N The

spare of bounded linear funitionals is denoted on N is

denoted N and with the above norm is a Banach

space even if N is not N't is called the dual ofN
There are other well known descriptionsof the above norm

on N In fat
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Exoeplee

1 As we save in the mid term exam I lo
2 Let le peu Let g be the conjugate exponent so that



Ft Iq L with the understanding that if p l g D and

if p o then q l We have seen that f tellers and

Ge
LaoCui then fg

C L'ler and

Afg E Uf4pHgHq
If g

CLolfr is fixed and
Gg UH

is the linear furtive

IgG f fgdm failed
then by at Ig

is a bounded linear funtional and

HIGHEkgHq

In font equalityholds as we'll see soon
Recall that if fzo is m ble we can find simple

funtrous Su neCN OE SnE f smh that su f as

D The specific construction see Lecture3 was as

follows First let
me 0,1 2ku m InKEEN m
n 1,2

Define 9in 0 3 0,0 by
Tn l
I know nxen.gg

n n c m n21
m o

Then O E du t E t t t cEO a duca ne IN and

Quit Tt as n so If we set Sue chof then Su

has all the properties we
require

0EsuEfn Su mble Sue d

Su Tf as n a



If I EaBT OE a be and idg is the

identity funton on I ife idz t t t c I then clearly
Qu idz Liniforelyoni This means if f X Eo 3
is boned them and be chof then Su f uniformly

we have thus pwned my www.g up f as f f f
and applying the above argument to ft and f
Kdu idyll ein tu b

theorem Theset ofmeasurablesimplefunitions on X is dense in 8Cm

We have already seen that the set S of simple frutions
s on X smh that µ s of co is dense in LPHr for tepco

terminer suppose g is a complex mblefunction f C L u O flat
Y REX and M 0 a constant and suppose gfEL'ler and

Ife gfdnl E M fefdµ CEEM
Then g E L Cu and HGH E M

Iof

Let it be the measure green by dr fdie Since fEL er

and f O r is finite measure Moreover r is equivalent to µ
ie r µ and µ a r fer din f do Now the

grim
condition is equivalent to

Ifegdrt E M E CM s t E O
T E

This means IgleM a e Er Thur140Rudin Sinceµ car we are done g e d



Lemmy Let µ be r finite pCEl a ofthe conjugate exponent to p and

g
an element in Laoful Let Ig LPlus d bethe bounded linear

functional f f fgdµ see Example 2 above ThenHIGH AgHq
In particular the map Lalu Elm gtsEg is injective

Kono

wehavealready seenthat1105gHE4gHq Suppose p l sothat q o Pick f CL'but
s t Oof c o e g the W o Wcl of an earlier henna Then

Ifefgdµ E Ig fx E E HIGH fetdu TEEM By the previous henna

Hgh E HIGH So the assertion is true whenp l
Suppose Icpc For some m ble L 121 1 we have Igl ing

Let f L Ig19
t Then IflP Igt

W P
Igloo whence HfHp kgHg

Sho Iff f laIgM gdm f Ig18dm 11g got Thus

Hghgot Ig tf
a HIGHHttp HIGHHgHq ie

11gHog E HgH HIGH

If HgHq O there is nothing to prove since in that cane fig O

Otherwise we have HgHg8 P E H g te 11gHq E Eg g ed

Anurag fating fivb friations

Suppose µ is positive and r finite on CXM Let X LEEn

En EM NE IN with µ Ea e t nC IN Let

Wu 1 X En2h It µ Eu

Set us I win Then WE LIer and Oc w c l as is

easy to verify We thus have


