
Complex measures as indefiniteintegrals of positive measures
Let µ be a complex measure on CXM Clearly µ a ful

Hence F h EL 11mi smh that

du h dbut e Recall this is shorthand for
µ E feted1µL t EEM

Let E E M be s t Int E 0 Then

nite Jeh dInt 1M e
Int E l

ie LE JE hdth E D where D is the unit disc

in Q ie D 3EQ 131 E l Since lui is a finite measure

according to theresults in Tutorial 2 posted on moodle or ThenI 40

of Rudin hetakesvalues in B a e Club This gives
1hL El a e and

We claim tht _I a e To see this consider Ar Ihl er fer
r 0 Let Ej be a countable m ble partition of Ar Then

In Ej I I fejhdlulle.frIq Ihldm
far1hLdInt
e r µ Ar

This means 1µL Ar e r 1µL Ar ie

G l w Ar 30

If r s l the above implies 1µL Ar O which in turn

means 1h13r a e Club forevery rat Thus tht31 a e Em In viewof
I above this means Ihl L aftermodifying on Int millset Wethushave



Theoremi Let u be a complex measure on a r algebra Mein X Then

there exists a noble function h s t Ihle I L for all ne X and s t
du hd Int

Perf
We already know that h dd hasabsolute value 1 a e Eun

hit B 1h14 I Then µ B 0 Redefine h so that h Cuti fer
ne B q e d

Remarkoo The statement is true even when µ is a r finite
extended signed measure as is seen by breaking up X into a
countable disjoint union of m ble sets on each ofwhich ful is

finite

Theorem Suppose µ is a positive measure on M gCL'ler and
a E fegdu EEN

Then
Idl E JEIgelder CEEM

Remarki we are not assuming n is r finite

Iof
From the previous theorem 7 he L lui smh that

1hL L and old ledIdl In otherwords
h dHl fe gdu CEEm

This means J s h dIdl f 8gdie for every nible simple
function s on X Since every bounded m ble fruition is



the LNQ otttusttg.TTtag Det that
f holla f fgdu fer every bdd m ble fruition f

Take f ErXE where E EM Get

Se dIdl f bigdµ CEEMC
Thus feltgdµ Idl E t E EM This means

bg is non negative valued a e Em Hence big High lglae.eu
This in turn gnies

HILE JEIgeldu CEEM a e d
Sameassaying
7 Iuliar finite

tompointionthroney Suppose µ is a finite
extended signed measure Then there exist sets A and B
in M smh that AUB X AAB 10 and smh that

ut E µ ANE µ E µ BAE CEEM
Roy

Let b did with 1h14 everywhere Since hisdm
real fer lui and µ one he only takesvalues 1 and l

Let A h I and B h I It is clear that the
the theorem is true with this A and B g e d

Corollary Entity of theomposition suppose µ D da where

7 and dz are positive measures Then ut E d and µ E da

Proof

Since µ E di we have

µt E µLENA E d LENA e d E q e d



Reward Theminimality of the Jordan decomposition shown in
the last lecture has another consequence Suppose as in the

Theorem da gdµ where gE L n g being locallyL a enough
actually and say g is real valued so that a is a signed measure

hit r and e be the positive measures givenby dr gtdu and
de g du Then a T c whence r za t and e d
Let g DI and g dog Then r at fe g der a Jegdudu
H E EM whence gt3g a e Em Similarly g 3g a e En However

gt g g g g whenceby the minimalityofthedecomposition g gt g we

havegt g g gaa e Ep Afterredefining on a m mill set we get
gt dadt and g DI

du

There are otherways of proving this which are essentiallysimilar
For example since Igtdie didI we have getgz IgI gt_g
a e Em This coupled with g g g gt g a e En forces

g gt and g g a e Em

theoremsgne dyefer firearms suppose µ is

a o finite positive measure on Him and d a r finite entended

signed measure on CXM
a There is a uniquepairofcomplexmeasuresdaandds on M suchthat

D dat ds Ta µ As1 µ

b There is a measurable function he X E a a smh that



one of f htdu or f hdµ is finite and
DCE f hduE

Momma ddt htdu dd h du andDIDI Hider
Pref
The proof is clear from the remark above The r finiteness ofd

w
lie of ldl is used to break up X as X U En ldl Eu ca NEINn

with Eu's being pairwise disjoint The usual Lebesgue Radon
Nikodyne applies to diEn ulEa giving the result a e d

Bernanke Here is the relationship between complex signed extended

signed finite and positive measures

ExtendedsignedMeasures

compiexi.hu
1
CM 3 SM D FM

n n
ESM 2 pm Signed measures Realmeasures
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ESM n cm SM

SMAPM CMhPMFM_



Integnationesputompter
Let µ be a complex measure on CX M A nible

function f X Q is said to be in L 1µs if it is in
L ini and in this cane with h dHdmi we sit

J f dm f th dInt
Since Ifhl Ifl and f E L lui the R S is a well defined

complex number

With this definition the relation

µ E f XE dm EEN
holds Moreover using this definition it is easy to see that

f f XE dm fettle d ME EEN

The right side is written in a less cumbersome way as

Se f du


