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Twolentnergivenonthisday Lecture1418

Throughout CXM is a m blespace Measures are on thisspace If
d is an extended signed measure on Me we will makethe tacit

assumption that a E t for any E EM By replacing d with d if
necessary we can always achieve this

Absolutecontinuity Let µ be a positive measure on M and 6 an

arbitrary measure lie either complex or extended signed on M
Thenotionof absolute continuity and mutual singularity of measures
extends to our more general situation in an obviousway For
completeness we give the formal definition We say d is absolutely
continuous with respat to µ and write

a µ

if d E 0 for every E EM forwhich µ E D

Remake Since µ is a positive measure if µ E 0 for some
E EM then µ S O H S E M s t SEE Suppose

d µ
In view of what we just observed we see that desk0 fer
every m ble subset sofE whence 1dL E D If d is an

extended signed measure this yields that dtand d are

also absolutely continuous w r t µ If d is a complex
measure say D ditidz with di de signed measures

then clearly d car and daem and it followsthat lapel dntdI
are all absolutely cts w r t µ for k 1,2














































































































In sumany if d µ then

1 In case 2 is a complex measure X dz its real and imaginaryparts
then 1dL Ideal drat di k 1,2 are all absolutelycontinuous withresputbµ

2 If d is an extendedsignedmeasure then HI dt d are all absolutely
continuous with respect to µ

Measuressingularto each other If µ is an arbitrary measure
complex or extended signed the notion of µ being concentrated
in a mble set A is defined the same way as it was for
the cane when u was a positive measure see Quiz3 Similarly
if µ and d are arbitrary measures we can definewhat is mean

fer r and d to bemutually singular utd
Recall that in Quiz3 you were asked to show perpositive
measures 2,0andm the following

CiI v t µ and d tr v t d t m

II Vtr
and a car v ta

v I d and n ca d 0 0

These assertions remain tune in the present extended care too
More generally it is not hard to show

kopoition Suppose u d d dz are arbitrary measures on M
and µ is positive

a If d is concentrated on A So is Idl
b If d t d then Kil t Idel
c If d 1 µ and dz 1 µ then datd I µ














































































































d d µ anddz car then ditdz du
e If d een then Idi can
f If d µ and dat µ then dit dz

g If d µ and dt n then D 0

Pdf
The positive marine versions of Cc f and g one I Iii and
Ciii of s and the proofs are identical We proved ce earlier
in this lecture The proof ofCa and b are very similar to that

Assertion d is easilyverified to be true µ

Definition An extended signed measure 2 is E finite on XM

if X is the countable union of sets EuCM wilt dfew a

signed measure for every n This is equivalent to requiring
that Idl Eu c for every n

Note that the notion agrees with the notionof r finite
for a positive measure

The sets Eu can be taken to bepairwisedisjoint
set E Er Ez Ea Ee Es Es CE VEL Or at

the other extreme they can be taken to be an

increasing sequence E C EzC C En C

we are none in a positionto prove the most important theorem

in measure theory the Radon NikodymTheorem or its move complete

version the LebesgueRendon Nikodym decomposition theorem














































































































Theorem TheTheoremofLebesgueRendon Nikodym
Let µ be a positive r finite measure on CXM and d a

complex measure on M
Ca There is a unique pair ofcomplex measures da and 6

on M smh that
D dat d dad µ dis th

H d is a signed then so are da anddis If d is finite
ie d is positive with da CN then so are da and dis

b There is a unique hE L u such that
da E febdm

for every EE M
Rdf
Uniqueness is clean frompart g of the Proportionabove
By breaking up X into a countable disjoint union of noble sets
on each of which m is finite we are reduced to the care

where µ is finite By decomposing d into its real and

imaginary parts we are reduced to the care where d is real
Cie signed By duomponing the signed measured into its positive
and negative variations we are reduced to the care where 2 is
a positive finite measure Thus we are now in a situation where

µ and d are both positive finite measures This cane was done

in the midterm exam see solutions in moodle site Moreover

in this cane da and ds were finite positive unarms Working
backwards the assertions in a when d is complex or signedfollow

aed


























Red The Lebesgue RendonNikodym Theorem remains the

even if d is taken to be a r finite extended signed wearne

In this cane da and dy are extended signed means which
are r finite The function h mi b is locally in L ie hIE
is in L rule fir every EEM s t 1dL E a This can be seen

bywriting X En EnEM EnnEnid if ut m n mEM Then the

assertions fallout We will see later that rt E Seehtdu r E Sehdu
and at least one of hter bi is in L er

Remake The most important way the L R N them is

used is the following Suppose µ is positive and r finite and
d is complex with dam Then F he l u smh that
s d E felder LE EM
Sometimes it is also used when 5 is positive and r finite in

which care we have h O m ble satisfying above It can of
Couse he used more generally when d is extended signed and
5 finite with the caveats about h being locally in L mentioned

above This is the RendonNikodymtheorem
The function h is called the Radon Nikodyne

derivative of d witterespert to µ and we write

HFI
As in Lentine 4 it is not hard to see that if d is positive

in addition to otherhypotheses and o d then van and

dYdµ dddy seeresultsin p3ofLecture4b to concludefedddadatdu D E



Anurag farting fi lfi ahous

Suppose µ is positive and r finite on CXM Let X LEEn
En EM NE IN with µ Ea e t nC IN Let

Wu 1 X En2h It µ Eu

Set us I win Then WE L'ler and 0C wel as is

easy to verify We thus have

Lamina Tf µ is a positive r finite measure on LXM then there

exists a frution WE L1µs smh that 0C win Cl for every REX

Theproof has already been supplied
It follows that in M R given by

LE Je Wdm E EM

is a finite measure and since we 0 we havebyProblem9lb
of HW5

µ E JE tu dit

In faint Problem 9 b of Hw5 together with the Radon Nikodym
statement can be re phrased as follows Suppore dander are
5 finite positive measures with damandmad Then O done c and

I i



Complex measures as indefiniteintegrals of positive measures
Let µ be a complex measure on CXM Clearly µ a ful

Hence F h EL 11mi smh that

du h dbut e Recall this is shorthand for
µ E feted1µL t EEM

Let E E M be s t Int E 0 Then

nite Jeh dInt 1M e
Int E l

ie LE JE hdth E D where D is the unit disc

in Q ie D 3EQ 131 E l Since lui is a finite measure

according to theresults in Tutorial 2 posted on moodle or ThenI 40

of Rudin hetakesvalues in B a e Club This gives
1hL El a e and

We claim tht _I a e To see this consider Ar Ihl er fer
r 0 Let Ej be a countable m ble partition of Ar Then

In Ej I I fejhdlulle.frIq Ihldm
far1hLdInt
e r µ Ar

This means 1µL Ar e r 1µL Ar ie

G l w Ar 30

If r s l the above implies 1µL Ar O which in turn

means 1h13r a e Club forevery rat Thus tht31 a e Em In viewof
I above this means Ihl L aftermodifying on Int millset Wethushave



Theoremi Let u be a complex measure on a r algebra Mein X Then

there exists a noble function h s t Ihle I L for all ne X and s t
du hd Int

Perf
We already know that h dd hasabsolute value 1 a e Eun

hit B 1h14 I Then µ B 0 Redefine h so that h Cuti fer
ne B q e d

Remarkoo The statement is true even when µ is a r finite
extended signed measure as is seen by breaking up X into a
countable disjoint union of m ble sets on each ofwhich ful is

finite

Theorem Suppose µ is a positive measure on M gCL'ler and
a E fegdu EEN

Then
Idl E JEIgelder CEEM

Remarki we are not assuming n is r finite

Iof
From the previous theorem 7 he L lui smh that

1hL L and old ledIdl In otherwords
h dHl fe gdu CEEm

This means J s h dIdl f 8gdie for every nible simple
function s on X Since every bounded m ble fruition is



the LNQ otttusttg.TTtag Det that
f holla f fgdu fer every bdd m ble fruition f

Take f ErXE where E EM Get

Se dIdl f bigdµ CEEMC
Thus feltgdµ Idl E t E EM This means

bg is non negative valued a e Em Hence big High lglae.eu
This in turn gnies

HILE JEIgeldu CEEM a e d
Sameassaying
7 Iuliar finite

tompointionthroney Suppose µ is a finite
extended signed measure Then there exist sets A and B
in M smh that AUB X AAB 10 and smh that

ut E µ ANE µ E µ BAE CEEM
Roy

Let b did with 1h14 everywhere Since hisdm
real fer lui and µ one he only takesvalues 1 and l

Let A h I and B h I It is clear that the
the theorem is true with this A and B g e d

Corollary Entity of theomposition suppose µ D da where

7 and dz are positive measures Then ut E d and µ E da

Proof

Since µ E di we have

µt E µLENA E d LENA e d E q e d



Reward Theminimality of the Jordan decomposition shown in
the last lecture has another consequence Suppose as in the

Theorem da gdµ where gE L n g being locallyL a enough
actually and say g is real valued so that a is a signed measure

hit r and e be the positive measures givenby dr gtdu and
de g du Then a T c whence r za t and e d
Let g DI and g dog Then r at fe g der a Jegdudu
H E EM whence gt3g a e Em Similarly g 3g a e En However

gt g g g g whenceby the minimalityofthedecomposition g gt g we

havegt g g gaa e Ep Afterredefining on a m mill set we get
gt dadt and g DI

du

There are otherways of proving this which are essentiallysimilar
For example since Igtdie didI we have getgz IgI gt_g
a e Em This coupled with g g g gt g a e En forces

g gt and g g a e Em

theoremsgne dyefer firearms suppose µ is

a o finite positive measure on Him and d a r finite entended

signed measure on CXM
a There is a uniquepairofcomplexmeasuresdaandds on M suchthat

D dat ds Ta µ As1 µ

b There is a measurable function he X E a a smh that



one of f htdu or f hdµ is finite and
DCE f hduE

Momma ddt htdu dd h du andDIDI Hider
Pref
The proof is clear from the remark above The r finiteness ofd

w
lie of ldl is used to break up X as X U En ldl Eu ca NEINn

with Eu's being pairwise disjoint The usual Lebesgue Radon
Nikodyne applies to diEn ulEa giving the result a e d

Bernanke Here is the relationship between complex signed extended

signed finite and positive measures

ExtendedsignedMeasures

compiexi.hu
1
CM 3 SM D FM

n n
ESM 2 pm Signed measures Realmeasures

1

ESM n cm SM

SMAPM CMhPMFM_



Integnationesputompter
Let µ be a complex measure on CX M A nible

function f X Q is said to be in L 1µs if it is in
L ini and in this cane with h dHdmi we sit

J f dm f th dInt
Since Ifhl Ifl and f E L lui the R S is a well defined

complex number

With this definition the relation

µ E f XE dm EEN
holds Moreover using this definition it is easy to see that

f f XE dm fettle d ME EEN

The right side is written in a less cumbersome way as

Se f du


