
 
October2,2018 Lecture 13

Vilaine
hit CX M be a measurable space A map

µ M

is called a Complexmeasue on M or on X or on CXMD
if µ LE Eu II McEu for any countable sequence
Ei Ez Eu of pairwise dispiritmeasurable sets

Note two things
1 Since the L s of the equality

ulUnEn En ulEn

is independent of the arrangement of the sets
Ec En therefore the R S is invariant
under re arrangement of twins This means

the sum Emlen is absolutely convergent
2 If we set Eu n C IN then we get

µ d NEMO forcing µc O From

here as before finite additivity of µ
follows

TheH of a complexmeasurei
There is a very important notion associated with a complex

measure µ on CXM Suppose An is a measurable partitionof EEM
Then F 2nC Q Kal L sink that In Au I duncan This



grins In Au I InanMAD Intuitively taking some sortof
limit we should have that supremum tf smh sums over all

partitions is feddµ where a is a fruition with Kl L The

problem of conure is that we don't have a theory of integrals
with repent to complex measures yet But going with the
intuition this suggests that E If InHull as An varies

over m ble patntons of E gives us a measure since integrals

give measures As is often the care in mathematics we reverse
the process in formalproofs first constructing a positive measure µ
associated with M and then defining integrals w r t µ

For EE M let PCE denotethe setof countable or finite measurable

partitionsofE
Define

IM E AYEp ee IEIMANI
Clearly 1µL M co 3

We will stone µ is a measure which is finite Int is
called the variation or the Totton of µ

Terminology Complex measures which take values in R are

called Hannes or more commonly signedmeasure It

is tempting to call signed measure which take non negative
values as positive measures but that term has already been
reserved for measures taking values in Eos Signed meanies



which take non negative values are finitemeane for
such a measure µ must be a positive meanne with

uCX D

Jha
RealMeasures

f

nC

M D SM D F M C PM

PMh SM PM ACM FM
over and above that there is a notionof an x igued
measure This is a countably additive fruition µ M EN al

mid O such that µ cannot take value as if any set
takes value and vice versa For simplicity we will assume
that if we have an extended signed measure then µ IE t n

fer ang E ie µ takes values in C N o With this
convention positive measures are a subset of extended signed
measures

theorem Let µ be a complex measure on CXM The the
total variation lul is a positive measure

Proof
Since µ lol O clearly 1µL d O Hence we only needto
cheek countable additivity for Inl To that end let



E EM and let Emf be a m ble partition of E Pick
m

real numbers tu s t tm C IMICem Then earh Em has
a partition Amn n such that

It In Amn true me IN

Now Amn I m n EIN is a partitionof E Hence

I tm E II Ii InAm.nl ElulCE
It follows that

2 Iml Em E µ E
m

since tu a 1miEm was arbitrary
On the other hand suppose An n is a m ble

a
partition of E Then EmA Au

n

partition of Em whence
H Z µ Emr Aa E 1mL Em ME IN

n
Thus

InlandI E IE ul Eunan
E In Iu EmrAD
Ze E Intemnant

E Lm ut Em via E
Since An was an arbitrary nible partitionof E we get

1H E E Im 1mL Em
g e d


