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core functions
Observation Consider 1122regarded as the usual Cartesian plane

of analyticgeometry Suppose l and lz are two lines
in 1122 meeting at a point T a point on l to the

left ofP ie the first coordinateofT is less than the first
coordinateof P and Y a point on la to the eight of P
Let l be the line joining X and Y Thempliestsdoro
l ifmy f ope ofh m

wtope.ae
p

l o
l o lz

e l l

is

The proof is elementary andthedetails are left to you Here is
a sketch Let R be the point ou l whose n coordinate is the same

as that of P Wewant to find conditionswhenthe y coordinateofR
is larger than thatof P So let X Cap Y r S P Cpg 12 1p s
Let me Paige m I The eggsof L is y ptor.PT n D This means
s p IIIa p 2 You have to shout gas if and only if
M CMz



Definition Connexfunction Let ca b be an open interval in R
DE a be D A function of ca b 7 IR is said to become

if
9 I d atdy E l d Pla t d y I

whenever n yC Cab and OE d E l
This is equivalent to saying that if my C Ca b and

T E Cxy then Lt Oltl lies belone or on the line connecting
CneeInd and ly Qty
graphofCf From our observation above the

aypig condition for convexity of 9 is equivalentt to the conditionixgas Geeks

QlE E Qiu Cz
t s u t

whenever acs et u b

Theoremi If af is convex on Cab then is continuous or Lgb

Iof
Let us prove 4 is right continuous The proffer left
continuity is similar

Suppose we as n s s a t aye b We wish to examine
this pit Let

Xe CaGcn Y ly Qty
S is Iss T It ht

Then X is the left most point Y the right most and
S is to the left of T



Since S lies below the line joining X and T

therefore the Joicey Sandt On the

other hand tujaing
n

y

s

n s t y

None let t s Since T is in the wedge in the picture
it follows that T S as t s Thus things It Is
A similar argumentwould show that Fff QCt QQ a ed

Reward Suppore di da du are non negative numbers

such that dit du l and Q ca b R a convex

function It is easy to see by induction that for
its th E ca b

PCEE di ti E IE di el Iti
The data di ti grins us a probability meanne d on

a b L where L is the Lebesgue t algebra on Cab namely
d E IIdig where Enfts stu ti tip

with the tij's distinct for j I k With this meanne

it is clean that is equivalent to saying



Q Icab told
E fan Olt old

Mme generally we have the following

Theonancjequality Let CxM a be a measure spare with

µLX 1 f X cab a measurable function and Q lab R
a Connex function Then

f f da E f of du

PI
Let t f fdµ Then it is easy to see that t e la b

Hint Use the font that if r is a nonzero measure on

Z F and g O is a noble function on 2 then fzgdo O

How will you prove this the also the font that if G L

then for any constant c f dr c

Let p sup dttII I a u t t

Then p e 0C it sat tt byCas
S t

It is then easy to see that
Cfcs 3 Its BCs t t se ca b

Indeed if s e Et b then the above follows fromCtt
and if s E ca t then the above follows fromCtl
This means



Cf fins 3 of It p fin t t REX

Integrating we get
Oof dm 3 d Its B ffdµ t

Sadu xp t t

of ft dir a e d

Remark In view of CD a differentiable function of ou ca b
is Connex if and only if Q is an increasing function In
particular t et is convex So is t t tP if p I

Eyegate exponents If p and q are positive veal numbers
smh that pig pg or equivalently

t Iq
then p and g are called a pair of Conjegateexponents
It is clear from the relation above that lap q c
Note that p q if and only if p 2 or q 2

We extend the definition of conjugate exponents to the
case p t and p so by setting q o in the first care
and of I in the second case Note that with this

extended definition the relationship To Iq L continues to

hold given our conventions regarding divisionby 0 and
Our interest is in LP spares for pal The spares

LP n and Lotus pq conjugate share an interesting relation



To see this we first need
Therein Let upand q be a pair of conjugateexponents with
Icpc htt CXM µ be a measure space and f g
measurable functions on X taking values in CO D Then

ca Hilder's inequality

f tgdm E ftPdn gotdu t

b Minkowski's inequality

LiftgPdn Pe f fPdµ f g9dµ

Remake If p q 2 then Hilder's inequality is the Gunby Schwarz
inequality
Ioof
Ca hit A f fPdu and B f gotdm If either A or B
is so then the Holder inequality is clearlytrue So assure
both A and B are finite If A 0 then clearly f 0 a e

and hence J tgdµ o and Hilder is trivially true Similarly
if 13 0 So let us assume A and B are positive real
numbers Set

F ta and G BI
Then

FPdm f Gotdµ l

For se E F to A Gto let r s be real number



smh that e Fins and e 9 Gcn Since tts et
is convex we have e

t SH Elp er t to et This
means

Fcn G se E Ip Fln
P t Iq Gln G

The above inequality is trivially bone if ne EofU 6 03
and hence is true for all seeX Integrate w r t µ toget

FG dµ E Ip f Pdn tIg f G9dr Ip t Ig L

Hilder's inequality follows easily
b By Holden we have

f Cftg
P
du E fPdn f fig 8 du G

fPdµ P Cftg P der t

Reversing the roleof f and g we get
f gift g du E f gPdu P f ftg Pdm

Adding the two inequalities we get
G g dm E LbfPda fgPdµ fatgPdn

None Minkowski is clearly true if either the left
side of Minkowski is go or its eright side is So

let us assume f HtpPdµ to and that f fPdm ca
pand f g da c




