











































































































Sep11 2018 Lecture10

thegnemeasureonRL
As mentioned earlier let

N CeCRY Q

be given by
Nf Jp f It studdt den f CCeCIR

where the right side is the Riemann integral of f over

a closed rectangle containing Suppf The answer is clearly
independent of the rectangle of integration chosen

Let LL m be the corresponding complete r algebra

and measure L is called the Lebesgue r algebra on112

and M L Cop the Lebesgue measure If we

wish to emphasize the role of u we write Ln and µ for
L and µ

Since every open set in R is r compart m is

clearly regular
For a ca an CRn let Ca Cc Ra CeRn be

af n f n a ne IR

Then
1 Jp af t tn dt dtu utCti ta dt dtu

In fart if I In one closed boundedintervals in R and
R Ix x In then as is well known














































































































J f't tu dt dtn fp.ecaf Ct tu dt den

In somewhat greater detail for f ECeCK K a

cowpat subset of 1124 and V an open shut g IR mehere

SuppCaf Suppf a

gCCc Rn g Vta g aah heEUR4 h LV
a
g e earn kta g g e EahlHEECRY ka h

From the aboveand a and the construction of L m from N
it is easy to see that

g m E a m E E E L

To understand the Lebesgue measure we need towork out

measures of 8 boxes and various rectangles Recall that in
the last class we showed that BCD has a subset r consisting
of 2 n boxes ne 1N smh that if µ u are Bored measures

s t µCQ 8CQ c t GER then f V Working out m Q
needs us to approximate X by elements of Cc Rh The

picture displayed is Agraph of feeCRY I
with QL f V where V is the I µitopensetoutside the blue ratangle
µ the www.ayeeapm.amq

a

f XO A closureof Q














































































































Notationsandterminology
Fix a Cay ande IR Recall that a 8 a

for a positive real numbera is

Qla 8 Eaca 8 x x Eau auto

We also define the douds boxwithamera.EC and the
opera 8 box with corner a Bocaor to be

ACad Eai a to x Earn auto

and Q Ca8 Cai actd x x com ant d

There are of course many sets between Q cad and 9Cad
other than Ola 8 but for the moment these three boxes are
all we need

Ca8 C Qca8 C GCa8

If a and 8 are understood from the context we write 90 9 G
for these boxes

More generally if I oh Sir are pristine veal minibus
we have

R Rcaoh oh Cai a 18 x CanAnton

E Bca oh oh Eai a 18 x Can anton
RO Roca Q oh Cai a Q x CanAnton

Rca 8 oh is called the Coi oh rectangle with comer a

Rca I oh the chreil Nnyle and
Roca oh oh the epenc8sn angle a



we also define the volume of R R Ro to be

fvoltb uolLRJ nolCRD oioz.no
Boxes are ratangles with all 8i's equal
We often call a Cd oh rentangle a rectangle with

sides of oh A box is a retaryle with all sidesequal
For a 8 box Q

fweco.ie

ApfnxiT onnlious

For an interval I Ca b C R let

K m IR IR ME IN
and k jur R R m E N

be the functions
1 a et e bI

m t am I a I E t ca
s mk's Lt

mtobmtfgw.net
b

and
1 Attn E E E b Lm
m t ma a e t a att msi miami

IEE
b

O



The graphsof Kb and Kb are ketone showingthemto be approximations
to Xca.by and Xcab negatively

in a

ATH tillv v
a t a b bei a att b t b
m m m m
Graphof Klm Graphof Klm

None clearly

fp.KZ t alt b att
m

and
f fin e dt b a tm

where the integrals are Riemann integrals

We can get something similar in higherdimensions
as follows

Suppose a ER say a Cai an For R Rcaoh oh
as in ie of 0 i b n define Ik Ear Aktobe
k I gu and set

m

Kff Ct tu II Kg tj m C IN

and
u cm

Kpl ti tu JI k g tj m C IN

Then Klm Xp and Klm Xpo



as in no where I Ela oh ch and
Ro R Ca Si oh

StandardRiemann integrationgrins us

N KE fewKafka tn dt dth

LI J ki itjsdtjR

II f ttm me IN

Similarly
µ ppm II org t EN

Let L be the Lebesgue r alg on IR and in the Lebesgue
measure on Ru and N CeCR e the Riemann

integral funtional i e Af Jpn f th Eu dte den fCcocky
Now

m FK JpnXp dm

trig Jpn k dm by DCT

him n KYL
or oh

Similarly m Ro oh oh


