
 

Any7 2018 Lecture

gmaIgehas algehd
Let be a non empty set

a A collection M ofsubsets of X is called a Elgelvainly
sometimes if the following conditions are met

i X E M

Cii If A EM then A CEM where ACdenotes the
complementof A in X

Ciii Tf A Aw and if An EM for n 1,23 then
A EM

b M is a r algebra in X then CX M is called a measurable

ace Membersof M are called m or sometimes

m measurable sets

c Y is a topological space and

f X y

map Then f is said to be measurable if f v is

measurable set for everyopen set V in Y

BasichopalesI Suppose CX M is a measurable space Then the

follow's propertieshold
a E M This is so becameol XC and XEN
b If Ai Az An E M then A UAN UAnEM This is

seen by setting Ant is p for all k I and



using property Ciii of r algebras
c AnC M fer n I 2,3 then An E M
This is seen by observing that

An Anc

since Mi's cloudunderformation of countable
unions and taking complements the assertionfollows

d A B EM then A BEM where
A Be next NEA and notBf

since A B AABC the assertion is clear

Note The prefix is in algebras refers to the fact that
property Ciii of r algebras is required to hold for all
countable unions ofmembers of M If Ciii is required

for finite unions only then M is called an dgele of sets

Theorem Let Y Z betopological spaces and g Y 22 a

continuous map
Cas Tf X is a topological space and f X Y a

continuous funhir then h gof is continuous
b Tf X is a measurable space and f X Y a measurable

map then gof is measurable

X f Y

1 leg of he X 52

J z



Proof Let V be an open sit in 2 For both parts Ca
and lb we have

b v f Cg V

Forpart a since and g are continuous g v and

f g ND are both proving his continuous via

For part b since g continuous g v is open in 4

and since f is measure f g v is measurable in X By
H we are done

Theory Let u and u be measurablefunctions on a

measurable space X and let E R2 Y be a continuousmap
from the plane 1122 into topological space Y Define

herd I Cucx raw

for REX Then he X is measurable

Proof
Let g X 1122 be the which sends a point nuix

to the point ucu rind in 1 we have a commutative

diagram

X G R2
et

y

None if A B are subsets of then clearly
g AxB u A v B



In particular if m is the o eha underlying the

measure space X and I J one intervals in R
then g CI XT a I Ar J and the right side
lies in M since u CI E M r LD c M
Noro the collection 8 of open dangles Its in 1122

with I and 5 having national points is a countable

collection Let V E R2 be on set If NEV choose

a member Un of 8 smh that Un E V Clearly
V UVnRev

None the collection Un is court since he is countable
and hence can be re labelled as V z Vu Thus

g v g EVu UE g Nu
Since Vu is an open veterryle g n EM H n EN

Hence g DEM since M is under countable
unions

q e d

Lopatin Let CX M be a mean space
a Sf f ut Ir where u and u are measurable

functions on X then f X Q is measurable

Pd Identify Q with R2 Let e and
R2 e the identity map the theorems

above to this situation
b If f weir is a complex fruition with
u Ref Imf then U U Ifl are real measurable



functions on X

Piaf Let IT be respectively 2 t Cz 2 Imad
2 121 Applying the previous theorem to earle ofthese
functions the result follows
c If f g are complex meannable on then
so are fig and fg
Prof If f and g are real then the fellows
from the previous theorem with g Cst si and
g Cst st respectively The complex care from
Ca and b
d If E is a measurable set in X and if

XE n l if KE E
0 if 2 E

then XE is a measurable set

Proof For any subset A g IR X A is of
d E Ee X why and earh if there is ble
e If f is a complex measurable fruition on X
is a complex measurable fruition 2 onX smile Kl l

and f a Ift
Prod Let E next f be of Now D f Q fo is

measurablesince G 07is open in and f is measurable It follows
that E f Cfo DC is measurable By d this means
HE is measurable Define d fo Cc by

Cz ZIZI



Then Cf is continuous Define
2 Cf ft XE

Note this makes since for fCn tX n is never zero
for any x EX None ft XE is measurable by Cc
since f and XE are Fatten is continuous Since
continuous functions of measurable funtus are

measurable it follows that 2 is measurable Note
that

2cm
1 if KEE

fcaf.fr E
If I

Thus 121 1 Clearly
f d Ifl

g e d


